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ABSTRACT: We investigate for the first time the capacity of a two-
dimensional periodic array (a metasurface) of circular nanoclusters
(CNCs) of plasmonic nanoparticles to support magnetic Fano
resonances. These resonances are characterized by narrow angular
and/or spectral features in the reflection/transmission/absorption
coefficients associated with a circular disposition of nanoparticles’
dipole moments (forming a current loop) under oblique TE-polarized
plane wave incidence illumination. We find that these narrow resonant
features are either array-induced or single-CNC-induced, as shown by
using a theoretical analysis based on the single dipole approximation and
full-wave simulations, leading to enhanced magnetic and electric fields. In particular, array-induced resonances are narrower than
single-CNC-induced ones and also provide even larger field enhancements, in particular generating a magnetic field enhancement
of about 10-fold and an electric field enhancement of about 40-fold for a representative metasurface. We suggest that the novel
results pertaining to metasurfaces made of CNCs shown here may be used for the development of sensors based on enhanced
magnetic fields and for the enhancement of magnetic nonlinearities.
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Conventional materials in nature exhibit more commonly
electric than magnetic response, the latter being

particularly weak and even rare at terahertz and optical
frequencies. This deficiency is at the foundation of the fervent
quest for the development of artificial magnetism, which started
with the use of split ring resonators1−3 and then continued with
the use of properly designed structures, either planar or three-
dimensional.4−14 Interestingly, collective plasmons (referred to
as “magnetic plasmons” in ref 15) have enabled low-loss
plasmonic waveguides and devices,15 and magnetic resonances
have been used for the development of sensors.16 In this
picture, the enhancement of magnetic fields, in addition to the
enhancement of electric fields, has recently attracted a great
deal of attention.11,17−22 Among other structures, clusters of
plasmonic nanoparticles have also been shown to contribute to
boost such enhancements.11,22 In particular, the physics in our
paper involves the use of magnetic Fano resonances to achieve
magnetic field enhancement, through a completely different
process with respect to what shown in ref 22. Instead, the
authors of ref 11 fabricated an asymmetric nanoring made of four
nanoparticles (i.e., an isolated metamolecule, as it has been called
there). The work in ref 11 shows that such a structure supports
a strong magnetic response coupled to a broad electric
resonance, presenting the first experimental observation of a
“magnetic-based Fano resonance” at optical frequencies under
transverse electric (TE)-polarized plane wave incidence. We
recall that Fano resonances are supported in arrays of or
isolated close-packed clusters of plasmonic nanoparticles,23−27

and more details on the topic may be found in refs 28−30.

Their applications are numerous and include the development
of sensing devices.31 In this paper we rather use a metasurface
(i.e., a planar two-dimensional periodic array) made of
symmetric circular nanoclusters (CNCs) of plasmonic nano-
particles that supports two kinds of magnetic Fano resonances,
characterized by narrow (angular and/or spectral) features
associated with a circular disposition of nanoparticles’ dipole
moments (forming a current loop). Instead of perturbing the
symmetry of the structure as in ref 11 to boost the CNC’s
magnetic Fano resonance (whose effect is still present in our
metasurface), we further achieve an additional magnetic Fano
resonance with features sharper than the single-CNC-induced
one. We show that this additional resonance is induced by array
effects, and it leads to even larger field enhancements and has
not been analyzed before. In particular, we present for the first
time, to the authors’ knowledge, the analytical investigation of
enhanced magnetic and electric fields achievable in meta-
surfaces made of CNCs illustrated in Figure 1 in
correspondence with magnetic Fano resonances excitable
under TE oblique plane wave incidence. The presence of
such resonances is verified by both analytical calculations and
full-wave simulations. The analytical approach encompasses the
use of the electric polarizability of nanoparticles under single
dipole approximation (SDA) and Green’s functions (GFs),
which can be generalized for any stratified medium, and thus is
able to accurately model fabricated multilayered substrates.
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Such metasurfaces may indeed be fabricated via self-assembly
from colloidal solution, for example, integrating the chemical
assembly process in ref 32 with ordered diblock copolymer
surfaces.33 The use of colloidal assembly to fabricate nano-
particle clusters in controlled geometries has been recently
demonstrated.34 While we consider spherical nanoparticles in
this paper, similar properties can be achieved using other
nanoparticle geometries, e.g., nanodisks. We stress that under
TE incidence the nanoparticles are polarized only on the
transverse plane; therefore disk-shaped nanoparticles could also
be used for achieving sharp magnetic resonances. The
description of the physics of a metasurface, combined with
the account of substrate effects, is much more complex than
that of an isolated metamolecule (as for example the one
treated in ref 11) and is a required step for the development of
innovative magnetic sensors and the improvement of magnetic
nonlinearities.35,36

■ FORMULATION EMPLOYING 2D PERIODIC
DYADIC GREEN’S FUNCTIONS

We briefly summarize the formulation based on two-dimen-
sional periodic dyadic Green’s functions that accounts for all
the field contributions required to thoroughly describe the
physics of a metasurface of nanoparticle clusters on top of a
multilayered substrate.37 The monochromatic time harmonic
convention exp(−iωt) is implicitly assumed.
Consider the metasurface made of clusters of plasmonic

nanoparticles (e.g., CNCs as in Figure 1) located at positions
ri,mn = ri + max ̂ + nby ̂ on top of a multilayered substrate, where
ri = xix ̂ + yiy ̂ + ziz,̂ i = 1, 2, ..., N, with N being the number of
particles in a unit cell, m, n = 0, ±1, ±2, ..., and a and b being
the periods along the x and y directions, respectively. By
resorting to the single dipole approximation,38,39 valid when the
electric dipolar term dominates the nanoparticle’s scattered-
field multipole expansion, the mnth particle in the array can be
described by the electric dipole moment pi,mn = pi exp[ikB·(ri,mn
− ri)]. In this equation, kB = kxx ̂ + kyy ̂ is the Bloch wavevector,
which also accounts for decay in case the wavenumbers are
complex, and pi is the electric dipole moment of the ith particle
in a unit cell. (In general, more accurate results may be
obtained by including multipolar field contributions.38) It is
anticipated that the electric dipole moments pi in a unit cell can
collectively assume several dispositions (circular, linear, etc.):
our main focus is on the circular disposition, signature of a

strong magnetic resonance, and this will be better investigated
in subsequent discussions.
The total electric field at a general position r = xx ̂ + yy ̂ + zz ̂ is

given by

∑= + + ̲ ·
=

∞E r k E r E r G r r k p( , ) ( ) ( ) ( , , )
i

N

i iB
inc ref

1
ml B

(1)

where Einc is the incident electric field, Eref is the portion of
incident electric field reflected by the multilayered substrate,
∑i = 1

N Gml
∞(r,ri,kB)·pi is the field scattered by the metasurface

including the effect of the multilayered substrate, and Gml
∞

represents the multilayered electric dyadic GF for the periodic
phased array of electric dipoles that relates the induced electric
dipole moment to the electric field. The term Gml

∞ is here
computed by summing two terms as in ref 37 to guarantee fast
convergence when evaluating fields at the array plane: (i) the
periodic dyadic GF of an array of electric dipoles in
homogeneous host medium computed through the Ewald
method40 and (ii) the periodic dyadic scattering GF computed
through a spectral approach that takes into account the effect of
the multilayered substrate. It is apparent that once the Green’s
function of a dipole in the multilayered environment is known,
the dipole moments pi are evaluated by solving the system for i
= 1, 2, ..., N,

∑ α̲ · = +
=

A p E r E r[ ( ) ( )]
j

N

ij j i i
1

ee
inc ref

(2)

with Aij = −αeeGml
∞(ri, rj, kB) for j ≠ i and Aii = I − αeeĞml

∞(ri, ri,
kB), as previously described also in ref 40 for a homogeneous
environment (the diacritical mark breve denotes regularized
dyadic GF), where αee is the nanoparticle’s electric polarizability
(we use here the Mie expression38) and I is the unit dyad. The
total magnetic field can then be computed as

∑= + + ̲ ·
=

∞H r k H r H r G r r k p( , ) ( ) ( ) ( , , )
i

N

i iB
inc ref

1
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(3)

where Hinc is the incident magnetic field, Href is the portion of
incident magnetic field reflected by the multilayered substrate,
and Gml,H

∞ (r,ri,kB) is the multilayered magnetic dyadic GF for
the periodic phased array of electric dipoles that relates the
induced electric dipole moment to the magnetic field,
computed in a similar manner to Gml

∞(r, ri, kB).

■ OPTICAL PROPERTIES OF A METASURFACE OF
CIRCULAR NANOCLUSTERS UNDER OBLIQUE
PLANE WAVE INCIDENCE

The electric dipole moments pi computed by solving the
system in eq 2 are used in this section to evaluate the optical
properties of the metasurface, in particular absorption A,
specular reflection R, and specular transmission T. We consider
three representative multilayered substrate cases as in Figure 1
with the following parameters: (i) εu = εd = εs = 1 (array in
homogeneous free space); (ii) εu = εd = εs = 2.25 (array in
homogeneous silica SiO2 environment); and (iii) εu = εd = 1
and εs = 2.25 with h = 1000 nm (array on top of a SiO2 layer as
illustrated in Figure 1). Nanoparticles are made of silver whose
dielectric permittivity is modeled with experimental data
including losses,41 r = 25, a = b = 300 (in nm), and the gap
between neighboring nanoparticles is 10 nm. We first consider

Figure 1. Metasurface of CNCs of plasmonic nanoparticles with
relative permittivity εm and radius r on top of a layer with relative
permittivity εs and thickness h. The medium where the particles are
embedded and the one below the layer have relative permittivities εu
and εd, respectively. Note that more complex multilayered substrates
can be also considered.
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TE-polarized incident plane waves with magnetic field in the
plane of incidence, i.e., wavevector k = kxx ̂ + kzz ̂ and Einc(r) =
Ey
incyêik·r. Only TE waves with oblique incidence are expected to

generate magnetic Fano resonances, as the magnetic field has a
component along the z direction that excites the CNC of
plasmonic nanoparticles and induces a circulating current, as it
will be shown next. The absorption coefficient is computed
following the optical theorem38 as discussed in refs 42−44 by
accounting for N nanoparticles in a unit cell as

∑
ε ε θ

α
πε ε

= −
| |

+ | |−

=

⎡
⎣⎢

⎤
⎦⎥A

k
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0 u

ee
1

3

0 u 1

2

(4)

whereas reflection and transmission are computed following the
formulation in ref 40. In eq 4, ε=k k0 u is the wavenumber of
the medium hosting the nanoparticles, k0 is the free space
wavenumber, and θ is the angle of incidence. Equation 4 is used
because above certain angles nonspecular scattering is expected
to appear due to higher order propagating Floquet harmonics,
and thus A cannot be estimated through 1 − |R|2 − |T|2.
For the three representative cases (i)−(iii) we show in Figure

2 the absorption coefficient evaluated as in eq 4 versus

frequency and angle of incidence when the array is illuminated
by an oblique TE plane wave. For case (i), we observe the
presence of a narrow magnetic resonance as a belt on incidence
angle-frequency plane for incidence angles larger than 20
degrees in the frequency band 550−700 THz, which is due to
array effects,45,46 as it will be later shown. For case (ii), we
observe a frequency shift toward lower frequencies of the
resonant belt with respect to case (i), as expected by the
increase of the host medium’s dielectric constant. For example
the feature in the 550−700 THz frequency band for case (i)
moves to the 370−520 THz frequency band in case (ii). Other
features with almost no angle dependence also appear for larger
frequencies reported for case (ii) as vertical hotspots: the first

one around 530 THz is associated with the magnetic resonance
of the isolated CNC, and the second one is due to an electric
quadrupole contribution. This fact will be better explained in
the next section. Furthermore, for case (ii), we also performed
full-wave simulations47 for three constant-angle cuts versus
frequency [depicted by the three white dashed lines in case
(ii)], and in the same figure we plotted curves computed via
SDA relative to the same cases. Besides a frequency shift
attributed to multipolar effects (their presence will be shown in
Section V), we observe a very good qualitative agreement:
narrow resonances are observed with similar characteristics of
strength and width, and full-wave simulations verify the SDA
prediction that the resonance moves to lower frequencies for
increasing angles of incidence. For case (iii), we observe the
presence of several belts of narrow resonances instead of a
single belt as observed in previous cases with homogeneous
environments. Therefore we infer that the multilayered
substrate can be optimized to obtain extra narrow resonances
that can be used for sensing applications. We also observe that
the substrate finite thickness results in the appearance of vague
Fabry−Peŕot features in the absorption map, where we
superimpose dashed white lines denoting 2π-phase accumu-
lation within the SiO2 layer without the metasurface on top.
We consider now both TE- and transverse magnetic (TM)-

polarized incident plane waves for the metasurface of case (ii)
in Figure 2. The TM wave has the electric field in the plane of
incidence: wavevector k = kxx ̂ + kzz ̂ and Einc(r) = E0

inc(cos θx ̂ −
sin θz)̂eik·r. We show in Figure 3 the absorption coefficient, the

magnitude of specular reflection, and the magnitude of specular
transmission versus frequency and angle of incidence. TE
incidence is observed to generate narrow Fano resonances,
much stronger than the ones appearing under TM incidence, as
it will be clarified in the next section. Moreover, the narrow
Fano resonances appearing in the frequency range 350−530
THz are array-induced, as it will be shown in the next section.

■ STRENGTHS OF ELECTRIC DIPOLE, MAGNETIC
DIPOLE, AND ELECTRIC QUADRUPOLE

Our aim in this section is to understand the strengths of the
electric dipole, magnetic dipole, and electric quadrupole
representing the CNCs in multipolar expansion, investigating
the same setup pertaining to the results in Figure 3. According

Figure 2. Absorption by the nanoparticles in a unit cell for a
metasurface as in Figure 1 under TE plane wave incidence, evaluated
using SDA, for three representative cases: (i) array in homogeneous
free space; (ii) array in homogeneous SiO2 environment; and (iii)
array on top of a SiO2 layer. Structural parameters are given in the text.
For case (ii), we also report the comparison between SDA results (thin
curves) and full-wave simulations (thick curves) for three angular cuts
in the frequency range depicted by the three white dashed lines: 32.5
degrees (solid blue), 35 degrees (dashed red), and 37.5 degrees
(dotted black).

Figure 3. Absorption by the nanoparticles in a unit cell and
magnitudes of specular reflection and transmission for the structure
in case (ii) in Figure 2 by TE (top row) and TM (bottom row)
incident plane waves. In the top-left panel, the white numbers indicate
the setups analyzed in Section IV.
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to the definitions reported in Chapters 6 and 9 of ref 48 the
electric (in [Cm]) and magnetic (in [Am2]) dipoles and the
electric quadrupole (in [Cm2]) are, respectively, computed as

∑ ∑ ∑ω= = − × ̲ = +
= = =

i
p p m r p Q pr rp,

2
, [ ]

i

N

i
i

N

i i
i

N

i i i i
1 1 1

(5)

We show in Figure 4 the magnitudes of the electric dipole |p|
and of the magnetic dipole |m| and the norm-2 of the electric

quadrupole ∥Q∥2 = (∑i=x,y,z∑j=x,y,z|Qij|
2)1/2 in eq 5. Note that,

when comparing TE and TM cases, |p| and ∥Q∥2 have similar
strengths, whereas |m| is stronger in the TE case by about 1
order of magnitude. We also note that in the TE case m is
purely along z, whereas in the TM case m has no z component,
thus is only in-plane, as explicitly denoted in Figure 4 by
mentioning the null components of m. This is because the large
cross-sectional area of the CNC on the x−y plane results in a
strong magnetic response under TE incidence. Note that some
narrow features exhibiting peaks of |m| are accompanied with
also sharp electric dipole and quadrupole contributions, though
weaker in correspondence with magnetic Fano resonances, as it
will be shown next.
To better emphasize the presence of array-induced and

single-CNC-induced resonances, we plot in Figure 5 the

strength of the magnetic dipole |m| for the cases of
metasurfaces with two different periods and isolated CNC. It
is evident that the very narrow angular and spectral resonance
appears only for metasurface cases and moves for varying
periods, proving that it originates from the metasurface, and
thus its nature is array-induced. On the other hand, the
resonance at about 530 THz is mainly independent of array

period and is a resonance pertaining to the CNC itself, as it
appears also for an isolated CNC.
While the plot in Figure 4 quantitatively defines the

contribution of each multipolar term to the optical properties
and can for example be used to evaluate the radiated powers by
each multipole as described in ref 48, it is still hard to conclude
whether one is dominant or not. To this aim, we introduce
three unitless parameters indicating how linear (L), circular
(C), and mixed (M) the disposition of the N nanoparticles’
electric dipole moments in the CNC is. Sketches explaining the
meaning of the three parameters (L, C, M) are reported in the
insets in Figure 6: linearity is a measure of dipole moments

aligned in the same direction, C is the in-plane circularity of the
dipole moments’ disposition, and mixed includes all other
possible configurations. These parameters are defined as

=
| |

=
| |

=L
p

C
p

p
M

p

p

p
, ,lin,av

mag,av

circ,av

mag,av

mixed,av

mag,av (6)

where the common normalization quantity is pmag,av = (1/
N)∑i = 1

N |pi|. Note that pmag,av is evaluated at each frequency and
incidence angle case, and therefore for this specific case by
utilizing such a normalization scheme we obtain a measure of
which one (ones) of the linear, circular, and mixed dipolar
states dominates (dominate) the response of the cluster. Other
parameters in eq 6 are given by (assuming the origin of the
reference system at the center of the CNC in a unit cell)

∑ ∑ φ= = − · ̂
= =N

p
N

p p p p
1

,
1
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i ilin,av
1
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with φ̂i = z ̂ × rî, rî = ri/|ri|, and

∑ φ= | − − ̂ |
=

p
N

pp p
1
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N

i imixed,av
1

lin,av circ,av
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We thus report color maps representing L, C, and M in eq 6
versus frequency and incidence angle in Figure 6 for case (ii) in
Figure 2. We observe that while for TM incidence the dipolar
state is mainly linear in the analyzed frequency and angular
ranges (with some points with mixed polarization), for TE
incidence a narrow feature (with respect to both frequency and
incidence angle) induced by array effects is attributed mainly to
a circular disposition of the electric dipole moments in the

Figure 4. Strengths of electric dipole |p|, magnetic dipole |m|, and
electric quadrupole ∥Q∥2 for the structure in Figure 3.

Figure 5. Strength of the magnetic dipole |m| in Am2 under TE
incidence for two metasurfaces with (a) a = b = 300 nm, (b) a = b =
320 nm, and (c) isolated CNC. The CNC design is as in Figure 3.

Figure 6. Linearity (L), circularity (C), and mixed state (M) pertaining
to the result in Figure 3. Insets in bottom panels show the meaning of
L, C, and M.
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CNC: a magnetic Fano resonance. A single-CNC-induced
magnetic resonance is also present around 530 THz, as proven
by a peaking circularity. Again, note that narrow Fano
resonances are also present under TM incidence; however
this is out of the scope of this paper.

■ ENHANCED MAGNETIC AND ELECTRIC FIELDS AT
THE FANO RESONANCE

In this section we are interested in the estimation of the
magnetic and electric field enhancements. We make use of the
information reported in Section IV to locate magnetic Fano
resonances.
As a representative case, we plot in the top row of Figure 7

via the SDA method the magnetic and electric field

enhancements in a unit cell in an x−y plane cut at the array
plane in correspondence with point 1 (the magnetic Fano
resonance induced by array effects at 420.1 THz, 35 degrees,
pertaining to the dashed red curve in the bottom right panel of
Figure 2) explicitly indicated by a white arrow in Figure 3. We
also plot white arrows that depict the electric dipole moment
state of each nanoparticle in Figure 7. Their circulating
disposition is a symptom of a magnetic resonance that results
in a magnetic field enhancement of about 10 and an electric
field enhancement of about 40. Furthermore, the magnetic field
is spread over the large area of the CNC of nanoparticles. The
electric field is instead mainly concentrated in the gaps between
the nanoparticles. In the same figure’s bottom row, we also plot
the magnetic and electric field enhancements evaluated via full-
wave simulations at the Fano resonance at 472 THz and 35
degrees for the case depicted by the thick dashed red curve in
the bottom right plot of Figure 2. The full-wave simulation
results show significant qualitative agreement with the SDA
theory. For the same full-wave simulation setup, we plot in
Figure 8 the volume current density in the particles composing

the CNC computed as further proof of the magnetic resonance
denoted by an evident circulating current density. Moreover,
the higher order multipolar contributions in each nanoparticle’s
response (denoted by nonuniform current strengths inside the
nanoparticles) is also visible in Figure 8, justifying the
frequency shift observed in the bottom right panel of Figure
2 and the slight disagreement of the enhancement values shown
in Figure 7.
We then plot in Figure 9 the magnetic field enhancement for

the other three points indicated in the top-left panel of Figure 3

to stress the importance of array-induced magnetic Fano
resonances. At points 2 (600 THz, 5.5 degrees) and 3 (600
THz, 0 degrees), we observe a rather mixed and a rather linear
disposition of the nanoparticles’ dipole moments, respectively,
in accordance with the results shown in Section IV. In these
cases, the magnetic field enhancement is not spread over the
CNC area and is smaller than the one reported in Figure 7, in
contrast to the peculiar features observed in correspondence
with magnetic Fano resonances. Indeed, at point 4 (533.8 THz,
50 degrees) we observe the circulating disposition of another
(single-CNC-induced) magnetic resonance as it can also be
inferred by the circularity plot in Section IV. Again the
magnetic field is spread over the CNC area, with an
enhancement of about 5. We stress again that a larger
enhancement was achieved when using the array-induced
magnetic Fano resonance, highlighting the importance of the
metasurface analysis (instead of an isolated CNC) shown in
this paper.

■ CONCLUSION
We have analyzed for the first time the possibility of exciting
magnetic Fano resonances for the generation of enhanced
magnetic and electric fields in metasurfaces made of CNCs of
plasmonic nanoparticles. These are observed for oblique TE-
polarized plane wave incidence illumination using both the
SDA method and full-wave simulations. Interestingly, we have

Figure 7. Magnetic and electric field enhancements in a unit cell in an
x−y plane cut at the array plane computed at a representative point of
the magnetic Fano resonance marked as point 1 in the result in the
top-left panel of Figure 3 for TE incidence. Top panels are computed
via the SDA method (each nanoparticle’s dipole moment direction is
depicted with a white arrow). Only the field outside the nanoparticles
is reported. Bottom panels are computed in correspondence with the
full-wave simulation peak depicted by the thick dashed red curve in the
bottom right plot of Figure 2 . Fields on the x−y plane are reported.

Figure 8. Volume current density in the particles composing the CNC
computed via full-wave simulations for the case in the bottom row of
Figure 7

Figure 9. Magnetic field enhancement (computed via the SDA
method) at the representative points 2, 3, and 4 indicated in the result
in the top-left panel of Figure 3 for TE incidence.
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observed the presence of narrower angular and spectral array-
induced resonances that lead to larger field enhancements than
single-CNC-induced resonances, and this has not been
suggested before. We have considered silver spherical nano-
particles as a representative case, although similar narrow
resonances are expected for other nanoparticle geometries, such
as nanodisks, and other materials, such as gold. In the latter
case, higher plasmonic losses may affect the sharpness of the
resonances. As shown in many previous investigations, and
recently in ref 49 and references therein, large electric field
enhancement in linear and triangular nanoparticle clusters
requires the presence of very narrow gaps between nano-
particles. This in turn shows the powerfulness of magnetic
resonances: with a gap of 10 nm, we are able to obtain a large
electric field enhancement that could be used for surface-
enhanced Raman spectroscopy applications (though this
enhancement is available only in a narrow frequency/angular
band when using CNCs). We further suggest that metasurfaces
made of CNCs of plasmonic nanoparticles may be one of the
building blocks for the development of innovative sensors
based on enhanced magnetic fields as well as for the
enhancement of magnetic nonlinearities.
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(16) García-Caḿara, B.; Goḿez-Medina, R.; Saénz, J. J.; Sepuĺveda,
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