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Abstract— We provide here a comprehensive exposition of a
novel dispersion engineering framework for high-power electron-
beam-driven devices based on multiple degenerate eigenwave syn-
chronization in slow-wave structures (SWSs). These degenerate
eigenwaves, related to an exceptional point of degeneracy (EPD)
in the parameter space of the SWSs, lead to an enhanced
interaction with the electron beam associated with a vanishing
group velocity, which depends on the EPD order. Therefore,
a “supersynchronous” mechanism based on multiple degenerate
eigenwaves, associated with any order of EPD, provides advan-
tages in terms of power generation efficiency at microwave fre-
quencies, millimeter-wave frequencies, and terahertz frequencies.
We present a physical description of EPDs in SWSs using a
generalized Pierce theory developed for multimodal interaction.
We show unique characteristics related to EPDs in “hot” (coupled
with the electron beam) SWSs with third- and fourth-order EPDs
for the sake of demonstration, but this can be extended to any
order of degeneracy. We demonstrate advantages of the pro-
posed regimes compared to conventional single-mode high-power
devices such as backward-wave oscillators and traveling-wave
tube amplifiers. In addition to that we show a possibility of high-
power oscillators at millimeter-wave and terahertz frequencies
based on a fourth-order EPD. In particular, we demonstrate a
degenerate band-edge oscillator at 638 GHz based on particle-
in-cell simulations. Apart from the examples provided herein,
the concept of EPD can be used to design a wide variety of
devices including gyrotrons, free electron lasers, and high-power
isolators.

Index Terms— Backward-wave oscillators (BWO), dispersion
engineering, high-power microwave, slow-wave structure (SWS).

I. INTRODUCTION

GENERATION of high-power microwaves has received
increasing interest due to the increasing demand of

compact powerful sources for various applications. Electron-
beam-driven devices such as traveling-wave tubes (TWTs),
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magnetron, and backward-wave oscillators (BWOs) are the
most utilized, commercially available high-power sources due
to their simple design, suitable levels of power, and well-
established technology [1]. TWTs and BWO are based on
the coherent interaction of electromagnetic (EM) waves in a
slow-wave structure (SWS) with a synchronous electron beam
(see [2, Ch. 8]). The performance of the state-of-the-art high
TWTs and BWO is fundamentally limited by the interaction
efficiency between the beam and the EM wave, thus man-
dates the power generation efficiency, bandwidth, and size.
Dispersion engineering of eigenmodes in SWSs is a procedure,
whereby the dispersion diagram, field properties, and interac-
tion impedance are leveraged, proving the favorable conditions
for an enhanced interaction with the electron beam. Several
concepts and designs of SWSs for an effective interaction
with the electron beam and consequent performance enhance-
ment have been recently investigated [3]–[9]. High-power
generation at millimeter-wave and terahertz frequencies poses
significant challenges related to power handling and mode
control. Moreover, due to device dimensions and limitations of
current fabrication technologies [10], [11], generating of high
power at millimeter-wave and terahertz frequencies is very
challenging. The novel characteristics in SWSs with unprece-
dented dispersion properties can be harvested to achieve the
anticipated mode control and coherent radiation.

In this paper, we provide a comprehensive overview of
a new operational principle in high-power amplifiers and
oscillators where multiple degenerate EM eigenwaves interact
synchronously with an electron beam. The special condition
of having multiple degenerate modes in an SWS is related
to the concept of the exceptional point of degeneracy (EPD).
The EPD is a point in the parameter space of an SWS
associated with the coalescence of Floquet–Bloch eigenmodes
(or eigenwaves) into a single one. Note that this is a strong
degeneracy condition; it is a stronger condition than having
eigenmodes in an SWS with the same wavenumber. At the
EPD, multiple modes of the periodic structure become indis-
tinguishable. EPDs could be found or engineered in various
waveguiding structures and could possess different orders,
namely, a different number of coalescing eigenmodes. In a cold
and lossless SWS, a fourth-order EPD condition, for instance,
is often referred to as the degenerate band edge (DBE),
whereas a third-order EPD is referred to a stationary inflection
points (SIP). Ideal EPD conditions are realizable in periodic
structures without losses and gain. At both the DBE and
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Fig. 1. (a) Example of SWS with EPD where multiple Floquet–Bloch
eigenwaves coalesce into a single degenerate one. (b) Typical dispersion
diagram near the DBE of the Floquet–Bloch eigenwaves in an SWS as in (a).
Four Floquet–Bloch eigenmodes represented by their eigenvectors �n and
eigenvalues ζn with n = {1, 2, 3, 4} are graphically represented as vectors:
two eigenvectors represent propagating eigenwaves and the other two represent
evanescent eigenwaves below the DBE angular frequency ωd . The four
eigenvectors coalesce at the DBE in both eigenvectors, namely, �d and
eigenvalues ζd . Supersynchronization occurs when the phase velocity of the
multiple degenerate eigenwaves in the SWS matches the velocity u0 of
the electron-beam charge wave. This is shown graphically in this figure by
the intersection of the beamline with the cold structure dispersion at the DBE
frequency satisfying the four-mode synchronization condition ωd ≈ kd u0.

the SIP, the group velocity vanishes and unique slow-wave
resonance features occur [12]–[18]. The DBE that is realized
in periodic waveguide structures supports two polarization
states with the capability of mixing them periodically along the
z-direction [12], [13], [19], [20]. The DBE is observed in the
waveguide example in Fig. 1(a) comprised corrugations with
misaligned elliptic cross section. Such slow-wave properties
have elicited growing interest for applications such antenna
and delay lines [21]–[24]. Othman et al. [17], [18], [25] have
proposed a supersynchronous regime in SWSs when multiple,
degenerate eigenwaves interact with a synchronous electron
beam that lead to a giant gain enhancement and low-starting
current in oscillators.

Here, we present a general framework describing the
properties and functionality of EPDs in high-power
electron-beam-driven structures. EPDs like the DBE and
the SIP where initially discovered in lossless photonic
crystals [12], [14], [26]. However, EPDs are also attainable
in structures with gain and loss or with parity-time
symmetry [27]–[32], and may be utilized also in the high-
power generation contest. The advanced operational principle
based on EPD conditions may lead to phenomenological
advantages in mode control and oscillating mode selection,

leading to power efficiency in high-power amplifiers and
oscillators. In Section II, we summarize the eigenwave
formulation in “cold” SWSs (i.e., without the electron
beam) that support multiple Bloch–Floquet eigenwaves,
as shown in Fig. 2. In Section III, we show the some realistic
examples of waveguides with EPD, and we also show the
experimental results to verify such concepts. In Section IV,
we provide a comprehensive framework for the generalized
Pierce theory for SWSs with EPDs interacting with an
electron beam and study: 1) low-starting oscillation current
in DBE oscillators (DBEOs) and 2) efficient and wideband
amplification in TWTs with SIP. In Section V, we investigate
other regimes of operation for high-power generation
using EPDs at millimeter-wave and terahertz frequencies,
we show the existence of the DBE in two structures, and we
demonstrate our first result based on full-wave simulations of
a DBEO at terahertz frequency.

II. EXCEPTIONAL POINTS OF DEGENERACY AND

DISPERSION ENGINEERING

An EPD occurs when EM eigenmodes in an SWS coalesce
into a single eigenmode when varying frequency or other struc-
tural parameters of the waveguide (see [33, Ch. 2]) [34], [35].
EPDs are different from simple degenerate modes in
waveguides. The latter so-called “degeneracy” means that two
eigenmodes have the same eigenvalue (wavenumber) but dif-
ferent field distributions (e.g., two TE11 or two TM11 modes
in a rectangular waveguide with orthogonal transverse field
polarizations) (see [36, Ch. 3]). On the contrary, an EPD
is a degeneracy condition that includes also the degeneracy
of polarization states of the system (i.e., the eigenvectors)
in addition to coincident eigenvalues. EPDs occur in loss-
less periodic structures at a frequency that separates the
EM bandgap from the passband in the spectrum of eigen-
waves, which would not be attainable in uniform waveguides.
The DBE is a fourth-order EPD that occurs when all four
independent Floquet–Bloch eigenvectors in lossless period-
ically coupled waveguides coalesce and form one single
eigenvector [12], [26], [37] at the band edge. In the following,
we provide a concise description of the EPD occurring in SWS
modeled by coupled-transmission lines (CTLs).

A. Coupled-Transmission Line Formulation

Without the loss of generality of the subsequent analysis,
we refer to a periodic SWS with multiple Floquet–Bloch
eigenwaves as shown in Fig. 1(a). What is discussed in this
paper can be applied to several other examples of SWS.
Field propagation in the example of “cold” SWS shown
in Fig. 2(a) can be equivalently described using the CTL model
in Fig. 2(b) and (c). It is composed of cascaded sections of
misaligned elliptical waveguides. Each waveguide section has
an elliptic cross section, and wave propagation in each section
is the same except for an angular rotation in the xy plane. The
following description also applies to other geometries with
EPDs [19], [38].

In general, guided waves in closed waveguides are repre-
sented via transverse electric and magnetic fields, and voltages
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Fig. 2. (a) Example geometry of an SWS comprised periodic misaligned elliptical waveguides that could exhibit EPDs in their “cold” dispersion (see [17]–[19]).
(b) CTL equivalent model for the SWS interacting with an electron beam. The example periodic SWS system consists of a unit cell made of three segments
of CTLs. A coupling matrix is used to represent the interface between contiguous segments (misaligned elliptical waveguides). (c) Distributed circuit model
of one segment of CTL, showing self, coupling, and “cutoff” components (represented by a series capacitance in each TL), as well as the electron beam seen
as a dependent current generator that provides energy to the CTL (see [17], [42] for more details).

and currents in a transmission line (TL) that describes
the propagation along the z-direction [17], [39]. The trans-
verse electric and magnetic fields are expanded in terms
of eigenwaves of the local uniform waveguide as Ht (r) =∑

n In(z)hn(x, y) and Et (r) = ∑
n Vn(z)en(x, y), where

en(ρ) and hn(ρ) are the electric and magnetic modal transverse
eigenfunctions, respectively, and Vn and In are the amplitudes
of those fields that describe the evolution of EM waves
along the z-direction (equivalent voltages and currents in the
equivalent TLs). We then represent wave propagation in a
uniform segment of the waveguide as N-CTLs, or shortly
as N-CTLs. Limiting the discussion to N most representa-
tive eigenmodes, we use CTL voltage and current vectors
defined as V(z) = [ V1(z) V2(z) · · · VN (z) ]T and I(z) =
[ I1(z) I2(z) · · · IN (z) ]T , where T denotes the operation of
transposition. The subscripts refer to quantities in the nth TL
as seen in Fig. 2(b). Therefore, using a phasor representation
and exp( jωt) time notation, the evolution of TL voltages and
currents are related to each other by the CTL telegrapher
equations (see [40, Ch. 3])

∂zV(z) = −
(

R + jωL + 1

jω
C c

−1
)

I(z)

∂zI(z) = −
(

G + jωC + 1

jω
L c

−1
)

V(z). (1)

where ∂z ≡ ∂/∂z , and L, C, R, G, Cc, and Lc are N × N
matrices representing the per-unit length inductance, capac-
itance, loss resistance, loss conductance, cutoff capacitance,
and cutoff inductance of the CTL segment [Fig. 2(c)]. The
cutoff capacitance (inductance) matrix Cc(Lc) is included
in the formulation to represent the cutoff conditions of

TMz (TEz) eigenmodes in a waveguide (see [41, Ch. 8])
(see [17], [18] for details). In general, CTLs have distrib-
uted (i.e., per length) coupling, i.e., the per-unit length CTL
matrices L, C, R, G, Cc, and Lc have off-diagonal elements
representing inductive or capacitive coupling between TLs.
Coupling between eigenwaves can occur in a distributed
fashion but also at the interface between two TL segments as
the one shown in Fig. 2(a) and (b), and mathematically it has
been described by a rotation matrix as in [17], [18], and [25].

It is convenient to describe the evolution of waves in the
SWS system in Fig. 2(a) by a space varying N-dimensional
state vector composed only of the field quantities that vary
along the z-direction, which are the TL voltage and current
vectors

�(z) =
[

V(z)
I(z)

]

. (2)

Then, the set of equations in (1) describing the evolution
of the CTL voltages and currents in space are conveniently
rewritten as a first-order differential equation in the form

∂z�(z) = − jM (z)�(z) (3)

where M(z) is the 2N × 2N system matrix that describes
all the z-dependent “cold” CTLs. Losses are included in this
description [42]. Within each segment of the unit cell in
Fig. 2, we assume that M(z) is z-invariant, corresponding
to a uniform waveguide cross section. Therefore, within each
segment M is independent of z, and the solution of (3) is in
the form �(z) = exp[− j (z − z0)M]�(z0) with �(z0) being a
boundary condition at coordinate z0 in the same segment or at
its boundary. The 2N × 2N transfer matrix of each CTL
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segment is then constructed as T(z, z0) = exp(− j (z − z0)M).
A unit cell of the periodic SWS in Fig. 2 may be formed
by multiple segments with matrix M s , with s = {1, 2, .., S}.
As such, the boundaries zs and zs+1 of each segment are
related through a transformation of the state vector using the
transfer matrix as

�(zs+1) = T(zs+1, zs)�(zs) = T s�(zs). (4)

We also assume that reactive coupling produced by evanes-
cent fields that may be excited at interface discontinuities
in Fig. 2 are approximately accounted for in the distributed
TL parameters, since the TL segments are electrically short.
Therefore, the transfer matrix of the unit cell T U is obtained by
cascading the transfer matrices of individual segments using
the group properties of the transfer matrix [12].

In summary, the transfer matrix approach for an
N-dimensional state vector leads to a 2N × 2N transfer
T U matrix for the unit cell of the SWS. Across the unit cell
of a periodic SWS, the system vector evolves as

�(z + d) = T U �(z) (5)

where d is the period (see Figs. 1 and 2). Periodic
Floquet–Bloch solutions for such system satisfy the equation
�(z + d) = ζ�(z), where ζ = e− j kd and k is the
Floquet–Bloch wavenumber in the cold periodic structure. The
Floquet–Bloch wavenumber k is obtained from the following
eigenvalue problem for the eigenvalues and the regular eigen-
vectors at a certain z as

T U �n(z) = ζ�n(z) (6)

such that the 2N eigenvalues ζ = ζn = e− j kn d and ζ = ζ ′
n =

e jknd of T U, with n = 1, 2, . . . , N , are obtained as solutions
of the characteristic equation det(T U − ζ1) = 0 where 1 is the
2N ×2N identity matrix, while {�1(z),�2(z), . . . ,�N (z)} is
the set of regular eigenvectors that constitute a basis for T U;
hence, they are linearly independent. We introduce the
matrix k as an N × N diagonal matrix, whose diagonal
elements are the Floquet–Bloch wavenumbers with positive
real values, i.e., k = diag(k1, k2, . . . , kN ). In fact, note that
kn and − kn, with n = 1, 2, . . . , N , are the Floquet–Bloch
wavenumbers for the periodic structure because we consider
reciprocal SWSs. This transfer matrix approach is used to
obtain both the Floquet–Bloch eigenwave dispersion for an
infinitely long cold CTL and to calculate the transfer function
for CTL with finite length interacting with the electron beam
that will be derived in Section IV. The main focus in the
following is to explore EPDs manifesting in such SWSs, and
later we investigate their interaction with the electron beam
for applications in oscillators and amplifiers.

B. Exceptional Points of Degeneracy

The EPD is the point in the parameter space of the SWS at
which T U in (5) is not diagonalizable yet similar to a matrix
that contains one or more Jordan blocks. The EPD is asso-
ciated with repeated eigenvalues, and multiple eigenvectors
coalescing to form a degenerate eigenvector. At the EPD, the
eigenvectors and the generalized eigenvectors [12], [43] are

found, not from the typical eigenvalue problem in (6) but rather
by solving

(TU − ζ1)q�q(z) = 0, q = 1, 2, . . . , m (7)

where �q is the generalized eigenvector and m is the order of
degeneracy, i.e., the number of coalescing eigenvectors at the
degeneracy point denoted by m. We will investigate the cases
when m = 4 (DBE) or m = 3 (SIP). The transfer matrix TU
in (4) and (5) is not diagonalizable, and TU is rather similar
to a matrix contain Jordan blocks as

TU = W � W−1, � =

⎛

⎜
⎜
⎜
⎜
⎝

� 0
J

1
0 0

0 0
. . . 0

0 0 J
M

⎞

⎟
⎟
⎟
⎟
⎠

. (8)

Here, W is a nonsingular similarity transformation whose J
i
,

i = 1, 2, . . . , M are a set of Jordan blocks corresponding
to various EPDs that can coexist at the same point in the
parameter space of the SWS. These Jordan blocks may have
different sizes corresponding to different orders of EPDs. For
example, a fourth-order EPD (i.e., the DBE) corresponds to a
4 × 4 Jordan matrix

J =

⎛

⎜
⎜
⎝

ζe 1 0 0
0 ζe 1 0
0 0 ζe 1
0 0 0 ζe

⎞

⎟
⎟
⎠ (9)

where ζe = e− j ked in (9) is the EPD eigenvalue of multiplic-
ity m and W columns are the possible regular and generalized
eigenvectors. A remarkable feature of a Jordan block is that its
matrix exponential yields an off-diagonal term that is propor-
tional to ze− j kez , z2e− j kez , z3e− j kez, . . ., which provides an
unusual wave propagation characteristic that pertains only to
the EPD. In the following, we investigate the characteristics
of a fourth-order EPD occurring in cold periodic structure,
namely, the DBE, and show some of its giant resonance
characteristics and also its experimental verification.

III. FOURTH-ORDER EPDS (DBES) CHARACTERISTICS

IN COLD SWSS

Here, we focus on the characteristics of a fourth-order
EPD (DBE) in a periodic SWS in a specific geometry. Yet we
stress that the DBE can be achieved in many other periodically
loaded structures currently used in TWT vacuum technology
and can be readily scaled to desired frequencies as seen in
Section V, for millimeter-wave and terahertz frequencies.

In Fig. 3(a), we show an example of a metal circular
waveguide, periodically loaded with metal elliptical rings,
which supports a DBE. The two successive rings have an angu-
lar misalignment ϕ between their major axes in the xy plane,
as shown in Fig. 3(a). Therefore, the unit cell of length d
consists of two elliptical rings, and all the physical parameters’
values are provided in [44]. A DBE condition in the periodic
structure’s dispersion can be designed by tuning the misalign-
ment angle ϕ, while all the other physical parameters are kept
fixed (see more detailed discussion in [19]). The elliptical rings
provide means for the anisotropic behavior (in the xy plane)
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Fig. 3. (a) Geometry of a periodically loaded circular waveguide under study
that exhibits a DBE. The metal circular waveguide is loaded with elliptical
metal rings with a designed misalignment angle of ϕDBE = 60°. The rings are
supported by a low-index dielectric that is not affecting mode propagation.
A coaxial probe is inserted on the vertical metallic wall at a distance rp
from the waveguide axis. (b) Synthesized dispersion relation of the waveguide
in Figs. 1 and 3 based on reflection measurements of S11, showing the
propagation wavenumber versus frequency. This is in good agreement with the
one obtained via full-wave simulations and with the characterizing DBE fitting
dispersion law (ωd − ω) = hDBE(k − kd )4 with hDBE = 435.57 rad · m4/s.
Data are taken from [44].

and, therefore, are able to support two polarizations in the
SWS, which, when coupled while propagating along the
z-direction, are able to develop a DBE, i.e., a degeneracy
between four eigenwaves at the band edge. The typical DBE
dispersion relation (when losses are negligible) is given by

DDBE(ω, k) ≈ (ωd − ω) − hDBE(k − kd)4 = 0 (10)

where ωd here corresponds to a frequency of 2.16 GHz
and hDBE is a fitting constant that depends on the geometry
and plays a fundamental role in engineering the eigenmode
dispersion since it identifies the flatness of the dispersion
at ωd [45].

For the waveguide in Fig. 3(a), a DBE condition, when (10)
is satisfied numerically, is found when ϕ = ϕDBE ∼= 60◦,
assuming negligible losses. To provide an experimental verifi-
cation of the DBE, the waveguide in Fig. 3 is fabricated from
copper along with the rings. (Therefore, losses and fabrication
tolerances of this hand-mounted lab prototype are present.)
We use a synthetic method [46] based on the measurement
of the resonant frequencies of the finite-length cavity formed

Fig. 4. Scaling of the normalized transmission group delay defined as
τ = −∂( � S21)/∂ω where � S21 is the phase of S21 parameter, measured
for different lengths (number of unit cells) of the waveguide. The result from
full-wave simulation is also shown demonstrating good agreement with the
measurements and the theoretical scaling trend N4 for large N . However,
measurements of group delay for N = 12 are affected by losses that tend to
limit the characteristic DBE features for long waveguides. The star symbol
represents a measurement after dismantling and reassembling the waveguide
for N = 8, confirming the practicality of realizing the DBE in waveguides.

in Fig. 3(a). Such synthetic method utilizes a fitting algorithm
to estimate the corresponding Bloch phase shift k(ω)d varying
as a function of frequency. The dispersion is estimated by
taking into account the number of observed resonances in the
frequency band of interest (see detailed procedure in [44]).
We report in Fig. 3(b) the comparison between full-wave
simulation of the periodic waveguide (assuming negligible
losses) using the finite-element method eigenmode solver
(in CST Microwave Studio) and the corresponding prototype
measurement using the synthetic technique of the N = 8
cell cavity described earlier. A very good agreement between
simulations and measurements is demonstrated in Fig. 3.

We show in Fig. 4 the measured transmission group delay
of the waveguide at the DBE resonance. The transmission
group delay is defined as τ = −∂( � S21)/∂ω where � S21 is
the phase of S21 scattering parameter and it is obtained by
performing a numerical derivative of measured phase data.
In Fig. 4, the group delay associated with transmission is
shown for different lengths of the waveguide, from mea-
surements and full-wave simulations, normalized by the free
space delay Nd/c. Measurements and simulations are in good
agreement, and the normalized group delay relates to the
unprecedented scaling trend N4 for large N as predicted from
theoretical calculations [16]. We also show the measured group
delay after dismantling and reassembling the waveguide with
N = 8 unit cells, shown by the star symbol in Fig. 4, which
indicates that our results are easily reproducible in the same
setup. Note that the group delay by itself scales as Q following
the trend

τ ∝ N5, Q ∝ N5 (11)

and the normalized group delay τc/(Nd) scales as N4. In sum-
mary, the DBE is a condition that can be obtained is a
rather simple multimodal waveguide without the necessity of
very accurate fabrication methods and is tolerant to losses in
practical structures.
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IV. GENERALIZED PIERCE THEORY FOR MULTIMODAL

SWS WITH DEGENERACIES INTERACTING

WITH AN ELECTRON BEAM

In order to investigate the interaction of an electron beam
with the EM waves in structures such as those in Figs. 1 and 2,
we adopt an CTL approach that extends the single-mode
hydrodynamical interaction theory developed by Pierce and
contemporaries [47]–[50] to the multimode interaction (gen-
eralized Pierce model) as was done in [17], [42], and [51].
We assume that the electron beam has a very small cross
section, and that it is infinite along the z-direction, neglecting
any transverse motion of electrons and fringing effects due to
the structure’s finite length. This allows treating the electron
beam as a smoothed-out flow of charges [42], [48]. All
other assumptions are also stated in [17]. The interaction of
SWS modes with an electron beam is taken into account by
investigating the induced charge waves as in [42] and [48].
Such charge wave describes the bunching and debunching of
electrons, which cause energy exchange between the beam
and the modes in the SWS. The electron beam has an average
(dc) current −I0 along the z-direction (I0 is the positive real
number), and a dc equivalent beam kinetic voltage V0 that is
related to the average electron velocity u0 by V0 = u2

0/(2η).
Here, η = e/m is the electron charge-to-mass ratio, and
−e and m refer to the charge and mass of the electron,
respectively. The EM fields in the waveguide induce a pertur-
bation (modulation or disturbance) on the electron beam [48]
described by a modulation of the charge wave current Ib and
modulation of beam velocity ub with an equivalent kinetic
voltage modulation Vb = u0ub/η [17], [42], with the same
frequency as the EM fields in the SWS. Therefore, the total
beam current is −I0 + Ib with |Ib| 	 I0 and the total
equivalent beam voltage is V0 + Vb with |Vb| 	 V0, based on
small-signal considerations. The model can also conveniently
adapt to the realistic properties of the waveguide such as the
DBE mode distribution (by considering the transverse field
eigenmodes in each waveguide segment [17]). We define the
plasma frequency ωp , as ω2

p = nveη/ε0 = 2V0u0/(ε0 A)
with nv being the volumetric electron density, and A is
the beam cross-sectional area. When the beam area is finite
(corresponding to nonvanishing plasma frequency), the self-
generated forces within the electron beam causes debunching
of electrons or the space-charge effect.

The evolution along the z-direction of the time-harmonic
EM wave [described in terms of N-TL voltages and currents
as in Fig. 2(b) and (c)] as well as the charge wave current and
voltage modulations, Ib and Vb, respectively, are described
using our CTL approach [17], [18], [42] based on the follow-
ing CTL-beam evolution equations

∂zV(z) = −
[

jωL(z) + R(z) − j
1

ω
C c

−1(z)

]

I(z)

∂zI(z) = − jωC(z) V(z) − ∂z[s(z)Ib(z)]

( jω + u0∂z)Vb(z) = +u0∂z[aT (z)V(z)] − j
2V0ω

2
p

I0ω
Ib(z)

( jω + u0∂z)Ib(z) = jω
I0

2V0
Vb(z). (12)

The last two equations in (12) describe the charge wave
dynamics coupled to the CTL through the coupling coefficients
a and s between the charge wave and the TL fields (refer
to [17] and [42] for details). For simplicity, in the following,
we choose aT = sT = [1 1 · · · 1] which means that all TLs
interact with the charge wave. Analogously to what was done
in (2), we conveniently define a space varying state vector
of dimension 2(N + 1) composed only of the field quantities
that vary along the z-direction, which are the TL voltage and
current vectors (2), as well as the charge wave current and
voltage modulations, Ib and Vb, respectively,

�b(z) = [
VT (z) IT (z) Vb(z) Ib(z)

]T
. (13)

We rewrite the equations in (12), in analogy to the procedure
for the cold structure, as a first-order partial differential
equation

∂z�b(z) = − jMb (z)�b(z) (14)

where M b(z) is the 2(N + 1) × 2(N + 1) system matrix
that describes all the z-dependent CTL, electron beam, and
space-charge parameters, including coupling effects and losses
(see [42]). We then generalize the procedure done in Section II
to obtain the transfer matrix of the unit cell of the hot structure
as well as the eigenmodes supported by such interactive
system. The main capability of the CTL approach summarized
above (thoroughly detailed in [17], [18], [25], and [42]) is
to unveil a new interaction scheme that leads to a super-
synchronization between the electron beam and a number of
degenerate eigenwaves in an SWS. Next, we summarize the
properties of two hot structures based on fourth- and third-
order EPD, namely, the DBE and the SIP, respectively.

A. Four-Eigenmode Supersynchronization at the DBE
and Low-Starting Current

As we have shown above, the SWSs depicted as those
in Figs. 1–3 do support a DBE with four-degenerate Floquet–
Bloch eigenwaves. We would like to point out that each of
the four Bloch eigenwave can be decomposed in infinitely
many Floquet–Bloch harmonics as shown in [17]. In the “cold”
SWS, four Floquet–Bloch harmonics have wavenumbers k p

n =
π/d + Fp , with Fp = 2πp/d , where p = 0,±1,±2, . . .
is the index of the Floquet–Bloch harmonic. Only a slow
harmonic is phase-synchronized with the electron beam having
average velocity u0, which we refer to it with p = 0 index.
Hence, there are four slow Floquet–Bloch harmonics with
identical wavenumbers kd = π/d at the band-edge angular
frequency ωd , and the supersynchronism condition can be
represented by the following equality:

u0 ≈ ωd

kd
= ωd d

π
. (15)

The condition (15) is the necessary preliminary criterion for
the oscillation scheme proposed in this premise based on the
fourth-order EPD synchronization. By solving (15) for the
desired u0, which is depicted graphically in Fig. 1(b) by
intersecting the “cold” structure dispersion and the beamline
ω(k) = ku0 at the Brillouin zone edge, one can obtain the
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main necessary recipe for obtaining the fourth-order EPD
supersynchronization mechanism.

Compared to the one of the pure DBEs in the cold SWS,
the dispersion diagram of the hot structure (not shown here)
is somewhat perturbed for small electron-beam current I0
(see [17] for more details), but it is significantly distorted
for large beam currents. This implies that strictly speaking
one may lose the degeneracy for large electron-beam currents.
However, as is observed in the complex dispersion diagrams
pertaining to “hot” structures in [59, Figs. 6 and 11] and in
[17, Figs. 7, 9, 11, and 15], even though the mathematical
“exact” degeneracy is not observed, there are three or four
EM modes, respectively, that are interacting with the electron
beam. It must be noted that these four eigenmodes carry
identical EM polarizations at the exact degeneracy of the
cold structure (indeed, they are exactly a single degenerate
mode); therefore, it is expected that even in the perturbed
degeneracy in the hot structure, some polarization similarity
among these modes is preserved. The degree of perturba-
tion depends on the amount of electron-beam current and
if the current becomes very strong, there could be almost
no memory of the original degeneracy. Therefore, depending
on the strength of the electron-beam current, advantageous
characteristics still occur since the multimode structure of four
eigenwaves interacting with the electron beam is still there
though the precise advantage should be verified numerically.

We provide below an example of the consequences of the
fourth-order EPD synchronization in hot SWSs by estimat-
ing the oscillation threshold. The threshold condition current
also known as the starting-oscillation beam current Ist is
defined as the minimum value of the electron-beam current
that can initiate oscillations. In an infinitely long structure
with the e-beam as a source of linear gain, the EM waves
exhibit either unbounded growing oscillations in time at every
fixed point in space or growing oscillations only in space,
i.e., progressing along z; those instabilities are commonly
referred to as absolute and convective instabilities, respectively
(see [52], [53]). Criteria for these two distinct instabilities in
an infinitely periodic interactive system can be drawn from
investigating the dispersion diagram thereof following the
Briggs–Bers condition (see [54, Ch. 2], [55, Ch. 2]). Finite-
length structures with internal amplification (i.e., convective
instability) could start to oscillate. Growing oscillations in that
case could occur when amplified waves provide constructive
interference with the positive feedback after reflections at the
two ends of the SWS with gain. Condition for such occurrence
of oscillations in a finite-length structure is examined by
tracing the location of the poles of the transfer function
in the complex angular frequency ω-plane as a function of
the electron-beam current I0, as typically done for BWOs
(see [56], and also details in [25]).

We then report the starting current of a DBEO in Fig. 5 for a
lossless structure circular waveguide, periodically loaded with
perfect electrical conductor elliptical rings, which supports a
DBE with the precise misalignment angle to generate a DBE.
It is important to note that these DBEO design parameters
here are different from the one shown in Fig. 3, and all
the parameters of this DBEO example are reported in [25].

Fig. 5. Starting beam current (oscillation threshold current) for the DBEO,
made of a lossless SWS with DBE, varying as a function of TL length Nd,
under supersynchronous condition (15). We also show starting current results
for two cases with angles misaligned with respect to the DBE condition whose
ϕDBE = 68.8° [25] (the structure design parameters used here are different
from the one in Fig. 3). The starting current follows the trend Ist ≈ α/N5

with α = 9 × 104 [A]. For comparison purposes, the starting current for a
BWO of the same length is also plotted. The BWO has a much higher starting
current. Data are taken from [25].

We also show the starting with two misalignment parameters
ϕ deviations from the corresponding DBE design, varying as
a function of the number of unit cells N . We have found that
the optimal design with ϕ = ϕDBE demonstrates the lowest
starting current. The other two cases with slight deviation from
ϕDBE also show low starting current but the starting current
for the optimal design is the lowest. We also demonstrate the
anomalous threshold current trend for large N , for the DBE
case, by plotting the fitting curve

Ist = α

N5 . (16)

The fitting curve agrees with the threshold current values
obtained by the analysis based on transfer matrix discussed
previously when N is large (i.e., N > 16) which indicates
that the starting current for the DBE case scales as ∝ 1/N5.
This demonstrates the recently discovered scaling law of
the threshold current [25]. This also poses possible great
advantage of utilizing DBE in high-power oscillators when
increasing the length especially for high frequencies as shown
in Section V. The reasons for such unconventional scaling are
that Q-factor for DBE scales as in (11) (see [12], [15], [16]
for details). For the sake of comparison, we then also calculate
the starting current in a standard BWO of the same length and
with interaction impedance Z equal to the average impedance
of the CTL in Fig. 2, which scales as Ist ∝ N−3 [57], [58].
We observe that for structures with the number of unit cells
such that N > 16, the starting current of the DBE is lower
than that of a BWO. Especially, for N = 48 unit cells, the
starting current is 2 orders of magnitude lower than that of a
standard BWO.

B. Three-Mode Supersynchronization at the SIP
We investigate another interesting synchronization occurring

in SWSs near the third-order EPD, namely, the SIP [59]. In this
case, simultaneous synchronization of the charge wave modu-
lating the electron beam with three Floquet–Bloch eigenwaves
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Fig. 6. (a) Engineering the slope of the dispersion diagram leads to local
positive and negative slopes (group velocities) compared to the ideal SIP case
that has vanishing group velocity (blue lines). The synchronous condition is
represented with the intersection with the beamline, used to conceive a new
amplification regime. (b) Hot simulations showing the gain–bandwidth product
(G × BW) for an ideal SIP and tilted-positive regimes of TWT operation,
compared with a single-mode TWT, having the same characteristic impedance,
length, and loading plotted versus the beam current. (c) PAE in percentage
for the three regimes as a function of the TWT power gain (in decibel). Data
are taken from [59].

with positive phase velocity along the +z-direction occurs in
a periodic SWS. As discussed in [43], the SIP in the cold
periodic, lossless, and structure has a dispersion relation that,
in the neighborhood of ωSIP, is approximated by a third-order
polynomial in k as

DSIP ≈ (ω − ωSIP) − hSIP(k − kSIP)3 = 0 (17)

where ωSIP is the angular frequency at which three eigen-
waves coalesce, hSIP is the third-order EPD flatness parameter
depending on the chosen SWS parameters, and kSIP is the
Floquet–Bloch wavenumber at the SIP. As such, near the
SIP angular frequency ωSIP, there are three eigenwaves with
distinct Floquet–Bloch wavenumbers k provided by (17). Two
of which have complex conjugate wavenumbers and thus
representing evanescent waves, growing, and decaying along
the +z-direction, while the third one has a purely real Floquet–
Bloch wavenumber and thus represents a propagating wave
in the lossless SWS [the one shown in Fig. 6(a)] [59]. The
plot also shows the so-called “beamline” given by the charge
wave dispersion relation (u0k − ω)2 = 0, where u0 is the
average speed of the electrons in the electron beam [47], [48].
The three-eigenmode synchronous interaction occurs when the
beamline is chosen to intersect the SIP as seen graphically in
Fig. 6(a). A three-eigenmode synchronization with the electron
beam [59] is then established when the phase velocity of the
eigenmodes in the SWS equals the velocity u0 of electrons,
i.e., in the proposed regime, the TWT design formula [59] is

u0 ≈ ωSIP/kSIP. (18)

We utilize here the three CTLs model in Fig. 2(c) to mimic
the dispersion of an SWS with SIP, with three CTLs (see
details in [59]). The series capacitance model cutoff frequen-
cies in metallic waveguides (see [41, Ch. 8]). The generalized
Pierce theory developed in [17], [18], and [42] allows the
electron beam to interact with multiple waves in an SWS.
Analogous to the fourth-order EPD case in Fig. 1(b); here,
the three-eigenwave synchronous interaction occurs when the
beamline is chosen to intersect the SIP as seen graphically
in Fig. 6(a). Such regime has the following major advances:
1) a significant gain enhancement of the proposed TWT with
SIP in comparison with a periodic single-mode Pierce model
(orders of magnitude higher gain for the same length and/or
the same dc power supplied); 2) substantial gain–bandwidth
product improvement for SIP schemes; and 3) significantly
higher power efficiency (especially for high power gain values)
compared to a single-mode Pierce TWT modeled with one
TL [59].

One important feature of the proposed scheme is that
the slope of the dispersion relation can be engineered for
enhancing the bandwidth. After some algebraic manipulations,
the dispersion relation in (17) can be engineered to achieve
a tilted slope, as a deviation from the ideal SIP [59]. For the
tilted SIP, the dispersion can be approximated as a perturbation
of DSIP(ω, k) as

DSIP,titled ∼= DSIP − vt k

= (ω − ωSIP) − a(k − kSIP)3 − vt k = 0 (19)

where vt is the minimum group velocity of tilted SIP cases,
which occurs at the original SIP wavenumber k = kSIP.
By tuning the SWS parameters, we can engineer the dispersion
diagram to have small positive group velocities (∂ω/∂k > 0)
or small negative group velocities (∂ω/∂k < 0) around the SIP
frequency instead of the ideal case with zero group velocity
(see [59]). The dispersion diagrams of the three cases near
the SIP frequency are shown in Fig. 6(a) where we obtain
a positive slope (green curve) and negative slope (red curve)
group velocities around the SIP by inducing small variations in
the SWS design based on the three CTLs (see [59]). Locally
negative slopes associated with the tilted regimes would be
beneficial for oscillators (absolute instability regimes), while
slightly positive slope is useful for amplifiers (convective
instability regimes) as shown in the following.

As an important figure of merit for amplifiers, we plot
in Fig. 6(b) the gain–bandwidth product (G × BW) results
for the ideal SIP and the tilted-positive amplification regimes
as compared to that of the periodic single TL pierce model
versus electron-beam current. In Fig. 6(b), the G × BW is
defined as the product of the maximum power gain and the
3-dB-gain bandwidth. The results of Fig. 6(b) show that both
the SIP amplification regimes outperform the conventional
regime based on the single TL Pierce model, for electron-
beam currents larger than I0 = 300 mA where the gain is
high enough to be desirable for amplifier applications.

Finally, we report another important parameter for ampli-
fiers, the power-added efficiency (PAE), which is defined
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(in percentage) as

PAE = (Pout(RF) − Pin(RF))/Pdc × 100 (20)

where Pdc is the dc electron-beam power whereas Pin(RF) and
Pout(RF) are the input and total output RF powers, respectively.
We observe that when comparing the three regimes with equal
gain, the larger the required beam current I0 for a given gain
value, the smaller is the PAE. Hence, the SWS beam regime
that requires the smaller beam current, at equal gain, has the
largest PAE. In Fig. 6(c), we show the PAE for the three SWS
regimes mentioned above versus the power gain. (Power gain
is varied by changing the electron-beam current I0.) We report
that amplifiers based on the SIP regimes of operation feature
significantly higher PAE compared to the amplifier based on
the single TL regime of operation, in particular at large power
gains.

V. EPDS FOR HIGH-POWER MILLIMETER

AND TERAHERTZ GENERATION

Millimeter-wave and terahertz generation have recently
seen a growing interest and progress thanks to the advance-
ment in microfabrication techniques [10], [11], [60] as well
as in solid-state devices [61], [62]. Amplifiers and oscilla-
tors in this frequency range are vital for many applica-
tions that require portable, compact, and lightweight devices
for imaging, sensing, and detection [63], [64]. They are
also crucial for the advancement of various fronts of
science [11], [63], [65]–[67]. However, electron-beam-based
vacuum devices typically produce high EM power that scales
as the inverse of the frequency-squared [11], [60], [68]. This
put a limitation on the attainable power when frequency
increases, i.e., at millimeter-wave and terahertz frequencies,
using vacuum sources. Moreover, realizing high interaction
impedance and avoiding spurious resonances in TWTs and
BWOs is a challenge at those frequencies due to losses,
misalignment in fabrications, as well as the overmoded nature
of some of those devices. Special dispersion engineering must
be performed to attain higher levels of power and better
efficiencies [1], [11], [60], [68]. The EPD framework may
present an avenue for potential improvement in output power
and efficiency compared to conventional devices at millimeter-
wave and terahertz frequencies.

Here, we present a preliminary investigation of SWSs at
millimeter wave and terahertz that exhibit an EPD. In par-
ticular, we demonstrate a DBEO at 638 GHz based on CST
Particle Studio, 3-D particle-in-cell (PIC) simulator.

A. Cylindrical Waveguide With Periodically
Corrugated Surface

The structure in Fig. 7 is a cylindrical waveguide whose
inner walls are periodically patterned in both the longitudinal
and azimuthal directions, and it is referred to as periodic
surface lattice and has been proposed for BWO operation
in [69] and [70]. The cylindrical waveguide walls are peri-
odically patterned in both the z-direction and φ-direction
such that the inner radius of the waveguide is r = r0 +
�r cos(βz)cos(lφ) where r0 is the mean radius of the

Fig. 7. Schematics of periodic surface lattice on a cylindrical waveguide’s
inner wall, i.e., where inner radius is perturbated. (a) 3-D perspective view,
(b) longitudinal cut, and (c) transverse cross sections of such waveguide with
corrugations, adapted from [69]. This structure can support a DBE. This
specific geometry is compatible with annular electron beams. (d) Dispersion
relation of modes in the waveguide showing an overmoded behavior and
possible DBEs (showing in dotted lines) exhibiting flat dispersion in the
millimeter-wave frequency range. Here, the parameters are r0 = 19.75 mm,
�r = 0.25 mm, and d = 4 mm.

unperturbated cylindrical waveguide, �r is the amplitude of
the perturbation, l is an integer representing the number of azi-
matul variations, and β = 2π/d , with d being the lattice lon-
gitudinal period. Such corrugated waveguide allows coupling
between the surface eigenwaves supported by the corrugations
and the cylindrical waveguide eigenmodes as shown in [69].
Here, we show the eigenmode dispersion relation between
the propagation Bloch wavenumber and the angular frequency
(i.e., k−ω relation) of the periodic structure whose parameters
are given in Fig. 7. The dispersion diagram in Fig. 7(d) has
been calculated using the finite-element method, implemented
in the eigenmode solver of CST Microwave Studio. The
corrugated waveguide structure is overmoded as seen from
Fig. 7(d) meaning that there are many propagating eigenwaves
existing at different bands of frequencies, especially in the
range between 40 and 45 GHz. However, some eigenmodes
can be seen to exhibit flat dispersion near the band edge
at kd = π , as shown from the dotted fitting lines in the
dispersion plot in Fig. 7(d). Such observation can be beneficial
to engineer the output mode distribution and may lead to high-
efficient operation when synchronized with an electron beam
at the DBE.

B. Periodic Double-Corrugated Waveguide and the
Degenerate Band-Edge Oscillator

Another potential SWS geometry at millimeter-wave or ter-
ahertz frequencies considered is the double-corrugated rectan-
gular waveguide [71], [72] shown in Fig. 8. Note that the
SWS has two identical parallel sets of corrugations assembled
in a rectangular waveguide such that they create a channel
suitable for interaction with a cylindrical electron beam.
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Fig. 8. Schematics of double corrugations inside a rectangular waveguide.
(a) 3-D perspective view. (b) Transverse cross section, in the xy plane.
(c) yz cross sections (i.e., a side view). This structure is adapted from [71]
and will be used as a basis for a modified structure to realize a DBEO at
terahertz frequencies (see Fig. 9).

In fact, the double-corrugated waveguide may have several
potential advantages as stated in [71] and [72], in contrast
to typical millimeter-wave and terahertz structures [73], [74].
The structure is here modified to exhibit the DBE as fol-
lows. We introduce misalignment between the two parallel
corrugations. This misalignment is necessary to have the
sufficient mode mixing between the eigenwaves supported
by the corrugations so that a DBE occurs. Note that in the
geometry proposed in [71] and shown in Fig. 8, the eigenwaves
appear as symmetric and antisymmetric pairs [71]. The corru-
gation misalignment enables a mode-mixing scheme leading
to new set of eigenwaves that exhibit a DBE. There are two
degrees of misalignment introduced here: 1) the two parallel
corrugations are misaligned by an offset �z in the z-direction
as shown in Fig. 9(c) and 2) the corrugation height alternates
periodically, between two different values h1 and h2 as shown
in Fig. 9(b).

We optimize the design parameters (�z, h1, and h2) such
that a DBE is manifested at 661 GHz. The resulting values
are reported in Table I. Fig. 9(d) shows the dispersion relation
of the first few order modes in the SWS calculated using
the finite-element method eigenmode solver implemented by
CST Microwave Studio. The dispersion relation shows that
the second mode is asymptotically equivalent to the ideal
dispersion (10) where here hDBE = 5.55 rad · m4/s. The lower
frequency mode exhibits a regular band edge, which is the
standard band-edge condition in periodic structures, whereas
the higher order mode exhibits a DBE. In the following,
we consider the four-degenerate eigenwave interaction regime
by requiring that the velocity of the beam electrons must
match the phase velocity of a Floquet harmonic of the four
waveguide eigenwaves at DBE frequency (i.e., condition (15)).
In other words, the designs start by selecting a beam electron
velocity u0 such that the “beamline” intersects the “cold”
structure dispersion diagram around the DBE point in Fig. 9.

In Fig. 10, we show the longitudinal electric field com-
ponent Ez of the DBE mode at different transverse cross
sections through the unit cell. The DBE mode field profile
exhibits both symmetric and asymmetric features because it
is a mix between symmetric and asymmetric modes due to

Fig. 9. Proposed double-corrugated waveguide with DBE. (a) 3-D perspective
view. (b) Lateral view, i.e., the yz cross section. Here, the ridges along the
z-direction have different heights h1 and h2. (c) Top view, i.e., the xz cross
section showing the offset �z in the z-direction between the two parallel cor-
rugations. (d) Dispersion relation of the first few eigenmodes for the modified
double-corrugated waveguide showing normalized propagation wavenumber
versus frequency. The second mode (green curve) exhibits a DBE at 661 GHz,
proved by the fitting dispersion law (ωd − ω) ∼= hDBE(k − kd )4 (blue dotted
line). The beamline “black line” intersects with the DBE eigenwaves curve
at around DBE frequency. This is used to conceive a DBEO.

TABLE I

DIMENSIONS AND PARAMETERS OF THE DOUBLE-CORRUGATED

WAVEGUIDE WITH DBE

the introduced misalignment. In summary, the Ez field has
alternating positive and negative values as necessary to interact
with the electron beam.

The DBEO based on the double-corrugated SWS to oscillate
at a frequency in the neighbor of the DBE frequency is
designed with a solid electron beam with voltage of V0 =
77.13 kV and current of I0 = 20 mA. The beam radius is
rbeam = 25 μm. We use a longitudinal magnetic field of 2 T,
and the number of unit cells is 90, corresponding to an SWS
length of 12.6 mm. The metal of the SWS is considered to
be copper with conductivity σ = 5.9 × 107 �−1 · m−1 as
in [71]. The waveguide is terminated by a beam collector,
and the terahertz signal power is extracted from the cathode
side through output coupling section identical to the setup
in [73], for simplicity. In Fig. 11, we show the results of DBEO
using CST Particle Studio, PIC simulator, and observe that
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Fig. 10. Electric field Ez profile of the DBE eigenwave at 661 GHz,
at different transverse cross sections (i.e., in the xy plane, at different
z-coordinates) in the unit cell starting from z = 0: (a) z = 0.1d, (b) z = 0.4d,
(c) z = 0.6d, and (d) z = 0.9d, where d is the period. Blue and red indicate
the negative and positive values of the Ez field, at a given time.

Fig. 11. (a) Oscillating output signal versus time of the DBEO made of
a modified double-corrugated waveguide shown in Fig. 9. Steady oscillation
regime is reached at approximately 7 ns. (b) Normalized spectrum of the
output signal shows that the oscillations occur at 638 GHz, which indicates
that the oscillations are approximately at the DBE frequency. The spectrum
is calculated in a time window from 14 to 15 ns.

the DBEO has a well-defined single-frequency output signal
at 638 GHz. This frequency is in close proximity of the DBE
frequency. The small difference may be due to the fact that
a finite-length SWS exhibits a DBE resonant frequency at
a frequency slightly lower than the DBE one, as observed
in [25].

These preliminary results show a great promise in adopting
such geometry to generate high power at terahertz frequencies,
and more investigations are required to improve the interaction
impedance between the beam and DBE eigenwaves, and also
to better understand the role of metal losses at this frequency.
Other geometries could also be investigated employing con-
cepts in metamaterials [75] and multichannel waveguides that
can also designed to exhibit high orders of EPDs by increasing
the number of channels.

VI. CONCLUSION

We have summarized a framework for novel high-power
electron-beam devices based on EPD, such as the DBE and
the SIP, with fourth and third degeneracy orders, respec-
tively. An EPD, having concurrent multiple eigenwaves, causes

enhanced interaction with the electron beam and offers new
advantages in terms of power generation at microwave fre-
quencies, through millimeter-wave and terahertz frequencies.
We have shown a unique scheme for amplification in SWSs
with EPDs. Using an EPD in electron-beam devices results
in an efficient generation of high-power radiation as we have
shown from an example, unprecedented scaling in the starting
current of oscillators, as well as large gain–bandwidth product
and higher added power efficiency in amplifiers. We have
also demonstrated for the first time millimeter-wave- and
terahertz-based high-power SWSs with EPD that potentially
could be used to enhance the efficiency of sources at those
frequencies. By choosing an example at terahertz waves,
we have provided the first evidence based on PIC simulations
that the DBE leads to an oscillator with single frequency of
oscillation approximately at the DBE frequency. This result is
in agreement with a recent contribution by some of the authors
where the DBE was used to conceive a new lasing regime
based on the four-light eigenmode interaction with quantum
states of matter [76]. Future studies in the realm of electron-
beam devices to prove advantages from the exploitation of the
proposed multi-eigenmode interaction scheme should focus on
the design of realistic structures paying attention to the interac-
tion impedance. Indeed, it is not obvious to conceive an SWS
that involves four coalescing modes, with such coalescence
preserving the desired longitudinal electric field for a proper
electron-beam EM mode interaction. The preliminary example
shown in this paper, though not representing an optimized
structure for high efficiency, shows the first example where
the control of eigenmodes for both a fourth-order degeneracy
and a proper longitudinal field distribution is possible.
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