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Abstract— The radiation properties of wideband Fabry–Pérot
cavity (FPC) antennas have been investigated by studying the
non-Foster behavior of the reflection coefficient phase of the thick
partially reflective surface (PRS) forming the cavity. In order to
better understand the performance of such cavities, we show
for the first time that the wideband behavior can be explained
via a unique dispersion characteristic of the dominant excited
leaky-waves (LWs) inside such cavities. We derive new formulas
that demonstrate the role of the LWs in forming wideband FPC
antennas when the reflective phase of the PRS exhibits an increase
with frequency within the band of operation.

Index Terms— Analytic formulation, Fabry–Pérot cavity
(FPC) antenna, leaky-wave antenna (LWA), partially reflective
surface (PRS), wideband antenna.

I. INTRODUCTION

PLANAR leaky-wave antennas (LWAs) have been inves-
tigated in recent years due to their simple structure and

low profile nature and their ability to easily produce directive
radiation [1]–[7]. Fabry–Pérot Cavity (FPC) antennas formed
by thin frequency-selective surfaces (FSSs) were studied in
[8]–[16]; in such cavities, the thickness of the FSS forming
the partially reflective surface (PRS) was much lower than the
operational wavelength, and thus the FSS was modeled as a
purely reactive shunt admittance. Later, in [17], the radiation
properties of FPCs formed by a thick PRS were formulated
using a general two-port network to model a thick PRS,
as shown in Fig. 1. Moreover, a leaky-wave analysis provided
the researchers with a useful tool to study, model, and further
optimize the radiation properties of such antennas [12], [13].

While being a good choice for highly directive antennas
where simplicity is important [18], standard FPC antenna
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Fig. 1. (a) FPC antenna geometry using a thick PRS, excited by a slot on
the ground plane. The slot is modeled as an equivalent x-directed magnetic
dipole on a ground plane, and the thick PRS is modeled as a two-port network.
(b) Transverse equivalent network (TEN) modeling the plane wave response
of the structure in (a), as well as leaky-wave propagation on the structure.

designs do suffer from a narrow pattern bandwidth [19], [20].
Based on previous investigations [21]–[34], a wider radiated
power bandwidth can be achieved by nearly satisfying the
cavity resonance condition for a wider band of frequencies by
optimizing the reflection properties of the PRS. The optimized
PRS exhibits a positive slope of the reflection phase when
plotted versus frequency (i.e., a non-Foster type of response)
over the necessary frequency band, while the magnitude of
the reflection coefficient typically exhibits a drop (discussed
later). Both the magnitude and phase of the PRS reflection
coefficient must be optimized to avoid the splitting of the
wideband response into a narrow multiband response. In gen-
eral, the optimized/engineered PRS can be modeled with a
single or multilayer metal/dielectric structure, e.g., a single-
layer substrate with a periodic metallic layer on either side [35]
or even both sides [26] and multilayer substrates with or
without metallic layers [28], [29], [33].

The leaky-wave analyses in [12] and [13] (derived for
thin PRS structures) are not valid for characterizing an FPC
antenna with a thick PRS that has been optimized for higher
bandwidth since the PRS admittance variation versus fre-
quency was neglected due to the narrow pattern bandwidth
assumption. In this paper, to address the aforementioned
shortcoming, a simple and compact formula is derived to
estimate the radiation intensity (defined here as the radiated
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far-field power density multiplied by r2 [36], [37]) of such
cavities based on the leaky-wave parameters of the dominant
leaky waves. To verify the accuracy of the proposed formula,
a new wideband FPC antenna is designed and investigated.

A simple representation of such a wideband FPC antenna
is shown generically in Fig. 1(a), formed by an infinite
ground plane and a thick PRS separated with a dielectric-filled
cavity of height h. In this paper and for illustration purposes,
we designed a simple thick PRS constructed from an infinite
dielectric layer with a relative permittivity of 6.15 backed with
a thin metal surface having an infinite periodic set of circular
holes. Aiming for a wideband operational bandwidth centered
around 60 GHz, the PRS has been designed and optimized to
maximize the broadside radiated power bandwidth from such
an FPC antenna. The radiation intensity and realized gain for
a finite-size structure using 10 × 10 unit cells excited with a
rectangular slot (see Fig. 1) show a good agreement compared
with the analytical results for an infinite structure, as will be
demonstrated.

II. RADIATION MODEL FOR WIDEBAND

PLANAR FPC ANTENNA

A planar FPC antenna formed by an electrically thick PRS
is shown in Fig. 1. Here, it is assumed that the PRS, typically
formed by a periodic structure, has infinite transverse extent.
In order to design a wideband FPC antenna, we consider a
PRS that has a reflection coefficient (from the bottom side,
see Fig. 1) denoted as �PRS = |�PRS|e jφPRS with a phase that
typically increases with frequency in a given frequency range,
similar to what is discussed in [21]–[34].

The infinite horizontal (transverse) extent of the PRS allows
the structure to be modeled using a transverse equivalent
network (TEN) [38] as shown in Fig. 1(b). This is possible
either when analyzing the antenna as a receiver, illuminated by
a plane wave with transverse wavenumber kt , or when a dipole
is exciting a radiating FPC antenna, and the TEN is used to
model the interaction of the planar structure with a plane wave
corresponding to a spectral component of the plane-wave spec-
trum generated by the exciting dipole. Furthermore, the TEN
is also useful when investigating the leaky modes propagating
radially inside the FPC with a complex wavenumber kt (where
the radial propagation wavenumber is now a function of the
angle of propagation on the structure).

For calculating the far field, reciprocity is used, which
involves analyzing the FPC structure with an incident plane
wave impinging on the structure, as explained in Appendix A.
In this case, the transverse wavenumber kt is real for the
plane waves inside the structure. The characteristic wave
admittances Y0 and Y1, for plane waves with either TEz or
TMz polarization, are defined as Y TE

0 = kz0/(ωμ0), Y TE
1 =

kz1/(ωμ0μr ) and Y TM
0 = ωε0/kz0, Y TM

1 = ωε0εr/kz1, respec-
tively. Moreover, the vertical (longitudinal) wavenumbers in
air and in the dielectric substrate region inside the FPC are

kz0 =
√

k2
0 − k2

t and kz1 =
√

k2
0μrεr − k2

t , respectively, where
kt is the transverse wavenumber of the plane wave interacting
with the FPC [38, Ch. 2] and k0 = ω

√
μ0ε0 is the free space

wavenumber.

We assume that the FPC antenna is fed by a slot on its
ground plane, modeled as an equivalent x-directed elementary
magnetic dipole (Iml). Using reciprocity and the TEN, as dis-
cussed in [2], the far-field radiation from such a magnetic
dipole inside the FPC, at any angle θ (Fig. 1) is related
to the field Hx on the ground plane when the structure is
illuminated by an incoming plane wave from the same direc-
tion θ . In the receiving case, the longitudinal wavenumbers
are real and depend on the angle θ as kz0 = k0 cos θ and
kz1 = k0

√
μrεr − sin2 θ [2], [12].

The assumption of cavity resonance gives a direct relation
between the PRS reflection phase and frequency. The ideal
reflection phase for such an FPC antenna is derived in [21]
using a ray tracing model as

φPRS(ω) = 2kz1h + π(2n − 1), n = 0,±1,±2 . . . (1)

FPC antennas formed by a thin PRS are usually narrowband
because (1) is satisfied for a single frequency: the phase
φPRS(ω) usually decreases with frequency, in accordance with
Foster’s theorem, while kz1 increases with frequency, making
it possible to satisfy (1) only at one frequency.

As suggested in [21]–[34], wideband operation is achieved
by properly designing the PRS to have a reflection phase
closely satisfying the resonance condition (1) over a wideband
frequency region for a given cavity height. For a given PRS,
the cavity height that guarantees a resonance is obtained from
(1) as (assuming θ = 0°)

h = 1

2k0
√

μrεr
[φPRS(ω) − π(2n − 1)], n = 0,±1,±2 . . .

(2)

We stress that because of the frequency dependence
of φPRS(ω), (2) is usually satisfied only for a single fre-
quency in the case of a thin PRS. For a wideband FPC
antenna, it is desired to satisfy (2) over the bandwidth of
operation. This is facilitated by having a phase φPRS(ω) that
does not follow the typical Foster-like frequency dependence
(that has ∂φPRS/∂ω < 0) but instead experiences a phase
increase within the bandwidth of operation. A non-Foster
phase response is possible since the structure radiates, and
this acts as a loss mechanism for the cavity resonator.

The radiation intensity formula for such an FPC antenna
has been derived using the TEN model [17] and ray tracing
models [1]. The PRS reflection/admittance remain unchanged
in these formulas under the assumption of highly directive FPC
antennas and small value of θ at broadside [1], [8]–[10], [12].
Referring to [17] and Fig. 1(b), the TEN model has upward and
downward admittances, evaluated at the bottom of the PRS,
for near-broadside traveling waves as

Yup = Y0(ĝ + j b̂) and Ydown = − jξr Y0 cot(kz1h)

where ξr ≡ √
εr/μr and Y0 ≡ 1/η0 = √

ε0/μ0. The radiation
intensity formula derived in [17], based on reciprocity, at direc-
tions near broadside for a magnetic dipole with a magnetic
moment of Iml on the ground plane is

U(ω, θ) = U+

sin2(kz1h)

ĝ

|ξr cot(kz1h) − b̂ + j ĝ|2 (3)
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where U+ = 2|E0|2ξ2
r |Iml|2/η3

0, E0 = − jωμ0/(4π), and
kz1 = k0

√
μrεr − sin2 θ . When using a ray tracing model

(as originally derived in [1]), the radiation intensity near
broadside is derived in terms of the PRS reflection coefficient
�PRS (a derivation is provided in Appendix A) as

U(ω, θ) = U+

ξr

1 − |�PRS|2
|1 − |�PRS|e j (φPRS−2kz1h−π)|2 . (4)

Although quite different in appearance, formulas (3) and (4)
are algebraically equivalent and provide the same radiated
power pattern for any PRS. This is proved in Appendix A.

Another method relates the radiated power from such FPC
antennas to the dominant leaky wave(s) propagating radially
inside the cavity structure with wavenumber kt = β − jα.
For a uniform PRS formed by one or more dielectric layers,
there are a pair of leaky modes, a TEz and a TMz leaky mode,
propagating radially inside the structure, each with a slightly
different value of phase and attenuation constant β and α.
Maximum radiation intensity at broadside when β ≈ α for
each mode [12], [13].

For a periodic metallic PRS, there is often a single leaky
mode of interest that is not purely TMz or TEz, which has
a complex wavenumber that is a function of the azimuth
angle of propagation φ on the structure (i.e., an anisotropic
propagation). Assuming a magnetic dipole source oriented
in the x-direction, the leaky mode becomes TMz in the E-
plane (yz plane) and TEz in the H-plane (xz plane). For an
FPC antenna optimized to radiate at broadside, the E-plane
and H-plane wavenumbers of the leaky mode are usually
nearly identical [3], [39]. A radiated power formula based
on the leaky-wave parameters β and α for a thick optimized
PRS structure would give physical insight into the wideband
operation, analogous to what was done for thin PRS structures
with the narrowband operation, as presented in [12] and [13].
This is the main goal of this paper.

The theory shown in this paper applies to general FPCs
with arbitrary PRSs (e.g., single or multiple metal/dielectric
layers [21]–[35]) that may have a frequency-dependent reflec-
tion coefficient. Practically, one of the simplest thick PRS
structures that can provide a positive reflection phase slope
(for increasing bandwidth) is realized from a thick dielectric
substrate with a single thin FSS (e.g., 2-D periodic metal
patches or holes) on the bottom surface of the substrate. This
structure has been proposed in [35] to provide a dual-band
FPC antenna; however, tuning the PRS parameters leads to a
wideband FPC antenna response over a single band.

As an illustrative example, we consider the PRS made of a
2-D periodic FSS consisting of circular holes with diameter d
in a metallic screen (copper) that is patterned on the bottom
face of a dielectric layer, as shown in the PRS unit cell
in Fig. 2. The unit cell of lateral size s (where s < λ0 to
avoid radiation from higher order Floquet harmonics) is made
of a dielectric layer with thickness t and relative permittivity
εr = 6.15, where the cavity is taken as air.

Using the finite-element method (FEM) with periodic
boundary conditions implemented in Ansys HFSS, the simu-
lated magnitude and phase of the reflection coefficient due to a
normally incident plane wave impinging on the PRS (θ = 0°)

Fig. 2. Unit cell of a periodic PRS made from a dielectric layer of thickness t
over a periodically patterned metallic sheet (copper) with holes of diameter d.
The unit cell is periodic along x and y with period s.

Fig. 3. Magnitude and phase of the reflection coefficient for the thick PRS
shown in Fig. 2, looking up from the cavity, due to a normally incident wave
(i.e., θ = 0°). Note the growing phase over a frequency region, responsible
for the wideband performance.

from below are shown in Fig. 3, where the PRS unit cell
in Fig. 2 has dimensions d = 1.35 mm, t = 1.27 mm, and
s = 1.55 mm ≈ 0.3λ0, where λ0 is the operating free space
wavelength. The PRS unit cell parameters are optimized to
have a maximum −3 dB broadside power bandwidth, as will
be shown in Section IV.

For highly directive FPC antennas and for a small range of
θ near broadside, the TE/TM characteristic impedances and
PRS admittances converge to their quasi TEM values at normal
incidence [12], [17]. Hence, the numerical results used to vali-
date our derived formulas throughout this paper are calculated
assuming a PRS admittance and reflection coefficient that is
obtained for broadside incidence where θ = 0°. A numerical
confirmation of this is given later (Fig. 12).

The reflection phase in Fig. 3 gradually increases with
frequency in the region around 61.4 GHz, which is the
desired frequency trend to achieve wideband operation in that
frequency region. The study in [40] shows that the non-Foster
behavior can be locally realized over a frequency region by
using a negative group delay (i.e., a positive slope of the
reflection phase) using a lossy resonant circuit. The non-
Foster response in our structure occurs because the structure is
“lossy” due to radiation [there is an air-filled half space above
the PRS and an associated semi-infinite transmission line in the
TEN model of Fig. 1(b)]. Although not immediately obvious,
the reflection coefficient, when plotted on a Smith chart,
reveals the behavior that is typical of an underdamped res-
onator (the trajectory with increasing frequency makes a
clockwise loop that stays in the left side of the chart, with the
center of the loop rotated slightly above the negative real axis).
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Fig. 4. Plot showing how to choose the cavity height to achieve wideband
operation. The height h is calculated versus frequency using the resonance
formula (2) with n = 0. Choosing h around 2.3 mm ensures that h nearly
satisfies the ideal height requirement over as large of a band as possible.

This explains why the magnitude of the reflection coefficient
dips in the same region where the phase is increasing.

The plot in Fig. 4 shows the required FPC height h versus
frequency, obtained from (2) with a reflection phase calculated
at θ = 0°, which ensures the ideal resonance condition at any
frequency of operation. The frequency-dependent reflection
coefficient in (2) is calculated via FEM. Since a fixed height
has to be chosen, one can observe that the ideal height in
the region around 61.4 GHz is more or less constant with
respect to frequency, similar to what has been shown in [23].
[This frequency is also at the center of the non-Foster region
shown in Fig. 3(a).] This means that the height choices around
2.3 mm may lead to wideband operation. Indeed, we will
show that the optimum cavity height that gives a wide −3 dB
radiation intensity bandwidth is around that value.

III. LEAKY WAVES IN WIDEBAND FPC ANTENNAS

The radially propagating leaky mode in the xy plane, with
wavenumber kt = β − jα, can be related directly to the FPC
antenna geometrical parameters as well as to the far-field radi-
ation behavior [3]–[5], [12], [13], [41], [42]. As the antenna
operational bandwidth (the −3 dB radiated broadside power
intensity bandwidth) significantly increases for an optimized
thick PRS, the formulas derived in [12] and [13] for an FPC
antenna using an electrically thin PRS (modeled as a shunt
reactance in the TEN model that has a constant susceptance
value vs. frequency) are not valid anymore. Aiming for a
radiated power formula based on leaky-wave parameters, new
more general formulas that relate the thick PRS admittance
parameters (g and b in (3)) and/or PRS reflection coefficient
parameters (|�PRS| and φPRS in (4)) to the leaky-wave para-
meters (β and α) are sought.

The leaky-wave wavenumbers in the z-direction in the
region above the PRS and inside the cavity are given by [38]

k̂z0 = β̂z0 − j α̂z0 =
√

1 − k̂2
t (5)

k̂z1 = β̂z1 − j α̂z1 =
√

μrεr − k̂2
t (6)

where

k̂t ≡ kt

k0
= β

k0
− j

α

k0
= β̂ − j α̂ (7)

Fig. 5. Dispersion diagram for the normalized LW phase and attenuation
constants for the wideband FPC antenna in Fig. 1, using the PRS shown
in Fig. 2. Note the peculiar non-monotonic behavior around 61.4 GHz, nearly
satisfying the relation β̂ ≈ α̂ over a wide frequency band.

is a normalized transverse complex wavenumber of the leaky
mode that propagates radially (in the xy plane), and the hat
symbol indicates normalization with respect to the free space
wavenumber k0. Since here we focus on directive radiation in
the broadside region, both α̂ � 1 and β̂ � 1 [12], [43], and
then (5) and (6) can be approximated as

β̂z0 � α̂2 − β̂2 + 2

2
α̂z0 � −α̂β̂ (8)

β̂z1 � α̂2 − β̂2 + 2n2
1

2n1

α̂z1 � − α̂β̂

n1
(9)

where n1 = √
εrμr .

The relation between the complex propagation wavenumber
k̂t = β̂ − j α̂ and the frequency can be found by solving the
transverse resonance equation at the point z = h in the TEN
model (shown in Fig. 1) for the dominant leaky mode as

Y TE/TM
tot (kt ) = Y TE/TM

up (kt ) + Y TE/TM
down (kt ) = 0 (10)

where

Yup(kt ) = Y1
1 − �PRS

1 + �PRS
(11)

Ydown(kt ) = Y1
1 + e− j2kz1h

1 − e− j2kz1h
. (12)

The numerically evaluated leaky-wave wavenumber in either
principal plane (E- or H-plane) is determined by solving
the transverse resonance equation (10) with h = 2.3 mm
(as discussed in Section II). The normalized values of β and α
shown in Fig. 5 are approximately constant and equal to each
other with a small variation in the band from 56 to 67 GHz.
This gives an indication of the band for which the antenna
radiates with maximum power at broadside based on the
condition β̂ ≈ α̂, reported in [3]–[5] and [12] for the case
of narrowband LWAs.

In general, TMz and TEz leaky modes, corresponding to
leaky-wave propagation in the E-plane and H-plane directions,
respectively, have different wavenumber dispersions with fre-
quency, since the TMz and TEz wave impedances are different
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Fig. 6. Magnitude and phase of the PRS reflection coefficient. Comparison
between results obtained via full-wave numerical FEM (solid line) and via
the leaky-wave based formulas from (13) and (14) (dashed line). The PRS
unit cell is shown in Fig. 2.

for any kt �= 0, as also shown in [3], [13], [17], [18], [34],
and [43]. However, here we focus on beams pointing at
broadside, and for directive FPC antennas, the transverse
wavenumbers of the contributing spatial spectrum to the
broadside radiation pattern are such that |kt | � k0 when the
antenna is very directive. This means that the PRS admittance
and reflection coefficient in (11) can be calculated via FEM
for kt = 0, i.e., under the quasi-TEM normal incidence
assumption [12], [17]. This is a customary approximation in
analyzing directive FPC antennas radiating at broadside that
has been used also in [4], [8], [13], [17], [21], and [43]. This
is consistent also with the leaky-wave parameters evaluated
next, for which β̂2 � 1 and α̂2 � 1.

The “quasi-oscillatory” dispersion behavior observed in
Fig. 5 has been previously reported in [44]–[46] for the
condition of β � α (radiated off broadside at angle θ > 0)
and in [34] and [47] for broadside radiation (where β ≈ α),
where a broader power bandwidth has been demonstrated
numerically.

An analytical approximation of the far-field behavior based
on the leaky mode can also be derived using (4), which
requires knowledge of the PRS reflection coefficient. The
reflection coefficient can be obtained in terms of the leaky-
wave parameters from (10) together with (11) and (12).
Imposing that the imaginary part of kz1 to be positive for the
improper leaky wave, we obtain the results

|�PRS| = e−2|α̂z1|k0h (13)

φPRS = 2β̂z1k0h + π(2n − 1), n = 0,±1,±2 . . . (14)

Note that the normalized vertical phase and attenuation con-
stants needed in (13) and (14) are related to the normal-
ized phase and attenuation constants for the leaky mode via
(8) and (9).

Fig. 6 shows a comparison of results for the magnitude and
phase of the PRS reflection coefficient for the PRS unit cell
shown in Fig. 2, comparing results from a full-wave simulation
with those predicted by (13) and (14) once the leaky-wave
constants β and α are numerically determined. The results are
seen to be in good agreement.

From (13) and (14), an approximate relation between the
leaky-wave parameters for the wideband FPC antenna can be

calculated in terms of the PRS reflection coefficient as

α̂ � n1

2k0h

− ln |�PRS|
β̂

(15)

β̂ �
√

n1

2k0h
(

√
(�2 + ln2 |�PRS|) − �) (16)

where

� = φPRS − π(2n − 1) − 2n1k0h, n = 0,±1,±2 . . . (17)

Here, � represents the total phase change of the wave in the
cavity, composed of the phase variations during reflections
from the ground [perfect electric conductor (PEC)] and PRS,
and the phase change along the path length (a round trip
bounce through the cavity as shown in Fig. 1). In addition,
the input admittance looking up (Yup) is related to the PRS
reflection coefficient as

Y TE/TM
up = Y TE/TM

0 (ĝ + j b̂) = Y TE/TM
1

1 − �PRS

1 + �PRS
. (18)

Note that (15) predicts that the product of the normalized
phase and attenuation constants is approximately a constant
over a narrowband of frequency if the frequency range is small
enough so that the magnitude of the PRS reflection coefficient
and the electrical cavity height are approximately constant
over this frequency range. This is consistent with the result
for narrowband FPC antennas predicted in [9]. Note that the
analysis in [12] for narrowband FPC antennas shows that

α̂β̂ � 1

2
n2

1 tan δeff (19)

where tan δeff is the effective loss tangent of the cavity that
was introduced to model radiation loss, with the PRS replaced
by a PEC plane so that an ideal parallel-plate waveguide
filled with a lossy material is obtained. A calculation given
in Appendix B shows that (19) is consistent with (15) for
narrowband FPC antennas. However, the result in (15) holds
even for wideband FPC antennas, while (19) does not.

Assuming the variation in the transmission line admittances
in (18) with respect to frequency is negligible compared with
the variation in the PRS reflection coefficient around the
antenna resonance frequency, the admittances are approxi-
mated as being independent of the frequency with a fixed ratio
as Y TE/TM

1 /Y TE/TM
0 ≈ ξr . Using formulas (13) and (14) in (18),

the normalized admittance looking up into the PRS is then

Ŷup = ĝ + j b̂ = ξr
sinh(2α̂z1k0h) − j sin(2β̂z1k0h)

cos(2β̂z1k0h) − cosh(2α̂z1k0h)
. (20)

In the limit of small wavenumber constants (β̂ and α̂), from
(9) we have β̂z1 ≈ 1 and α̂z1 � 1. Hence, in the limit of small
arguments of the trigonometric functions in (20), the resulting
PRS admittance is then approximated as

Ŷup = ĝ + j b̂ � ξr
−α̂z1k0h + j (β̂z1k0h − π)

(α̂z1k0h)2 + (π − β̂z1k0h)2
. (21)
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Fig. 7. Conductance (blue line) and susceptance (green line) of the PRS
admittance, for the PRS shown in Fig. 2. Comparison between results obtained
via full-wave numerical FEM (solid line) and the leaky-wave approximation
formulas (22) and (23) (dashed line).

Using (9) and (21), the normalized admittance reduces to

ĝ � α̂β̂ξr n1k0h

(α̂β̂k0h)2 + (
2πn1 − (

α̂2 − β̂2 + 2n2
1

)
k0h

)2/
4

(22)

b̂ � ξr n1
((

α̂2 − β̂2 + 2n2
1

)
k0h − 2πn1

)/
2

(α̂β̂k0h)2 + (
2πn1 − (

α̂2 − β̂2 + 2n2
1

)
k0h

)2/4
. (23)

Equations (22) and (23) tell us how the PRS is related to
the wavenumber of the leaky mode; this is the inverse of (15)
and (16), which tell us how the wavenumber of the leaky mode
is related to the PRS. There is a good agreement between
the full-wave simulation and the approximate conductance
and susceptance of the PRS given by (22) and (23), as seen
in Fig. 7.

In addition, another approximate relation between the leaky-
wave wavenumber constants and the PRS can be derived,
casting the results for the phase and attenuation constants
in terms of the PRS conductance and susceptance (derivation
omitted). The result is

α̂ � 1

ĝξr
β̂(K + (ĝ2 + b̂2)(π − n1k0h) + ξr b̂) (24)

β̂ �
√

n1

k0h(ĝ2 + b̂2)
(K − (ĝ2 + b̂2)(π − n1k0h) − ξr b̂)

(25)

where

K =
√

(ĝ2 + b̂2)(ĝ2(π − n1k0h)2 + (b̂ (π − n1k0h) + ξr )2).

(26)

Fig. 8 shows the comparison of the leaky-wave parame-
ters: 1) the numerical solution from (10); 2) the approxi-
mate result that comes from the PRS reflection coefficient
in (15)–(17); and 3) the result that comes from the PRS
admittance in (24)–(26). The agreement between all three
approaches is seen to be good, with the approximate result
from (15)–(17) being a bit more accurate than the approximate
result from (24)–(26).

IV. RADIATION PATTERN OF WIDEBAND FPC ANTENNAS

AS A FUNCTION OF LEAKY-WAVE PARAMETERS

Considering wideband FPC antennas formed by a
thick PRS, the leaky mode propagating radially in the xy plane

Fig. 8. Modal dispersion diagram for a leaky mode excited in a wideband
FPC antenna. Comparison between the numerical solution calculated from
(10)–(12) (solid line), the approximate results (15)–(17) based on the PRS
reflection coefficient (dashed line), and approximate formulas (24)–(26) that
are based on the PRS admittance (dotted line). The structure is the wideband
FPC antenna shown in Fig. 1, with a PRS as shown in Fig. 2.

can be related directly to the geometrical parameters (as
derived in Section III). Power formula (3) has been derived
for a lossless PRS and the assumption that the angle θ is
small (radiation near broadside), which is appropriate for
highly directive antennas. Using Taylor approximations for the
trigonometric functions with an argument around π , namely,
sin(kz1h) � −(kz1h − π) and cot(kz1h) � 1/(kz1h − π),
the power formula can be further approximated as

U(ω, θ) � U+

(kz1h − π)2

(
ĝ

ĝ2 + (b̂ − ξr/(kz1h − π))2

)
.

(27)

In addition, the longitudinal wavenumber inside the cavity
is approximated as kz1 � k0(n1 − (sin2 θ)/(2n1)). Using
formulas (22) and (23) in (27) then reduces (27), after some
algebraic manipulation, to

U(ω, θ) � 4n1U+

ξr k0h

(
α̂β̂

4α̂2β̂2 + (α̂2 − β̂2 + sin2 θ)2

)
. (28)

This formula is valid for any FPC antenna with an
arbitrary thick PRS (e.g., formed by single or multilayer
metal/dielectric structures) where the normalized leaky-wave
constants (β̂ and α̂) are much less than unity, resulting in a
highly directive antenna. Although the normalized phase and
attenuation constants appear independently in (28), they are
related by (15), and hence (28) only applies for an FPC leaky-
wave antenna structure. However, it can be shown that the far-
field power pattern for an arbitrary bi-directional 1-D LWA has
the form

U(ω, θ) � |A(ω)|2
(

β̂2 + α̂2

4α̂2β̂2 + (α̂2 − β̂2 + sin2 θ)2

)
(29)

where A(ω) is an excitation coefficient that is proportional to
the amplitude of the leaky mode. Comparing (28) and (29),
it is seen that at any given fixed frequency, for which the
normalized wavenumbers are fixed, the shape of the two
patterns is identical, as expected.

Assuming a small broadside beamwidth, formula (28) pre-
dicts angular beam splitting when β̂ becomes larger than α̂,
as shown in [12]. From (28), the beam maximum is at
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Fig. 9. Comparison of the normalized radiation intensity U(ω, θ = 0°)/U+,
radiated at broadside, estimated by the exact formula (3) from applying
reciprocity (solid line) and by the leaky-wave formula (30) (red dashed
line). The plot also shows the normalized leaky-wave phase and attenuation
constants versus frequency for the wideband FPC in Fig. 1. The FPC has
infinite transverse extent and the unit cell of the PRS is shown in Fig. 2.

broadside (θ = 0°) when β̂ < α̂ and at an angle of θ =
sin−1(

√
β̂2 − α̂2) when β̂ > α̂. At broadside, where θ = 0°,

(28) reduces to

U(ω, 0) � 4n1U+

ξr k0h

(
α̂β̂

(α̂2 + β̂2)2

)
. (30)

Fig. 9 shows a good match between the normalized broad-
side radiation intensity versus frequency, from the exact
formula (3) based on reciprocity and from the leaky-wave
approximate formula (30). The good agreement in Fig. 9
demonstrates that the far-field pattern is determined by the
leaky-wave parameters β̂ and α̂ over the entire operating
bandwidth. It is seen that the frequency range where the
phase and attenuation constants are almost equal to each
other covers most of the −3 dB power bandwidth region
(between about 54 and 70 GHz). However, both the phase
and attenuation constants show an oscillating behavior within
the bandwidth because of the broadband nature of the FPC
antenna, as opposed to narrowband FPC antennas where the
phase and attenuation constants are monotonic and equal only
at the optimum frequency of maximum broadside radiation [2].
This result verifies the correlation between the radiated power
pattern and the wavenumber of the leaky mode for the
wideband FPC antenna structure.

Referring to Fig. 4, the resonant FPC height versus fre-
quency appears to have a quasi-oscillating behavior around
h = 2.3 mm in a wideband frequency region, indicating that
h = 2.3 mm is the best choice. This is further demonstrated
in Fig. 10 that shows a parametric analysis on the broadside
radiated power intensity (30) versus frequency for different
cavity heights. Fig. 10 shows how the cavity height has to
be chosen properly to ensure the largest broadside power
bandwidth.

The optimum choice of the cavity height (see Figs. 4 and 10)
will give the maximum −3 dB power bandwidth centered
around 61.4 GHz. From Fig. 9, the −3 dB radiation intensity
bandwidth is approximately 15.8 GHz, which is much larger
than that of the narrowband cases in [9], [12], and [17]. For-
mula (30) holds for FPCs with any type of thick PRS formed
from single or multiple layers of metal and/or dielectric.

Fig. 10. Comparison of the normalized radiation intensity radiated at
broadside, calculated by the leaky-wave formula (30) for three different cavity
heights. Note that the value h = 2.3 mm is the best, since the dip at the center
is not lower than −3 dB compared to the maximum.

Fig. 11. Wavenumber trajectory (solid line) in the complex kt /k0 =
β̂ − j α̂ plane for the LW in the wideband FPC antenna structure shown
in Fig. 1 constructed from the PRS shown in Fig. 2. Solutions found based
on formulas (10)–(12). This trajectory is compared with the conventional
hyperbolic trajectory (dashed line) for the mode in a narrowband FPC antenna
structure. In both designs, the center frequency is around 61.4 GHz. The
shaded area represents the −3 dB region of the power bandwidth for both
cases.

The results in Fig. 11 show the trajectories (varying fre-
quency) of the normalized modal wavenumber in the complex
kt/k0 = β̂ − j α̂ plane, of the leaky mode propagating in
the wideband FPC antenna formed by the thick PRS and the
leaky mode in a narrowband FPC antenna formed by a thin
PRS (using a thin metallic sheet with periodic circular holes
as used in the thick PRS shown in Fig. 2). The design of the
narrowband FPC operates at the same central frequency and
has the same cavity properties and height as in the thick PRS
case, except with a smaller unit cell size s = 1.42 mm and
a circular hole diameter d = 1.22 mm, which results in a
higher directivity of Dmax ≈ 19.3 dB and a broadside power
bandwidth of 2.86%. Nevertheless, this comparison is used to
show the dramatic difference in dispersion behavior.

Both the wideband and narrowband antennas radiate around
the central frequency of 61.4 GHz. By varying frequency,
the complex wavenumber describing the leaky mode in the
wideband FPC antenna makes a loop trajectory causing β = α
to occur at three different frequencies (where the blue solid
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Fig. 12. Normalized angular radiation intensity [i.e., U /U(θ = 0°)] as a
function of angle θ for three different frequencies for the FPC with an infinite
extent and a unit cell shown in Fig. 2. The plot shows a comparison between
the result provided by leaky-wave formula (28) and the ones from full-wave
simulation for the E- and H-planes. The approximate LW formula is accurate
for small angles but it starts to deviate from the full-wave results as the angle
increases.

curve crosses the red dashed line for the thick PRS seen
in Fig. 11). For a narrowband FPC antenna with a thin PRS,
the normalized wavenumber obeys an approximate (hyper-
bolic) relationship (green dashed curve in Fig. 11) where α̂β̂ =
constant, as originally shown in [3] and [12]. In comparison,
the wavenumber trajectory for a thick PRS exhibits a more
complicated behavior around the PRS resonance frequency,
resulting in a wide frequency range of α̂ and β̂ that are close
to each other, as also shown in Fig. 9.

Fig. 12 shows the angular radiation intensity pattern from
(28) along with the simulated far-field pattern in the E-plane
(i.e., yz plane, φ = 90°) and H-plane (i.e., xz plane,
φ = 0°) of the structure versus frequency, with results
shown at 61.55 GHz (the center of the −3 dB band) as
well as at the upper ( f = f +

3dB = 69.95 GHz) and lower
( f = f −

3dB = 54.25 GHz) − 3 dB bandwidth limits. The pat-
terns from (28) are obtained under the assumption of constant
PRS reflection/admittance parameters calculated for θ = 0°
and under the assumption of a quasi-TEM characteristic
impedance (i.e., the TE and TM characteristic impedances
in the TEN are approximated with that of a TEM wave at
normal incidence). The full-wave E- and H-plane patterns
are numerically calculated using periodic boundary conditions
implemented in a full-wave simulation for a single unit cell
(Fig. 2) on top of an air cavity of height h = 2.3 mm.
With a plane wave impinging on the structure from above,
the magnetic field is been calculated at the magnetic dipole
source location on the ground plane for a TEz and TMz
polarized wave separately, varying the angle of incidence of
the plane wave (Using TMz incidence models correctly the
E-plane pattern, while using TEz incidence models correctly
the H-plane pattern, accounting for the angle variation of
the line impedances in the TEN.) A close agreement is
observed between the analytical [i.e., predicted from (28)]
and the infinite full-wave simulated for both E- and H-planes,
especially within the −3 dB beamwidth region. Note that the
frequency for which the normalized phase and attenuation
constants are equal (61.55 GHz) is not the frequency of the
narrowest beam. This is consistent with the results from [12],

Fig. 13. Analytical results versus full-wave simulation for the normalized
broadside power intensity of the wideband structure in Fig. 1. The magnitude
of the reflection coefficient at the feed port is also shown. The analytical solu-
tion assumes that the antenna is of infinite extent. The full-wave simulations
model the PRS made of 10 × 10 unit cells for the structure shown in Fig. 2.

which show that for thin PRS structures the narrowest beam
occurs when the frequency is lowered slightly from the β = α
condition.

V. RESULTS FOR A PRACTICAL, FINITE SIZE,
AND WIDEBAND FPC ANTENNA

We investigate the performance of a wideband FPC antenna
formed with a thick PRS and finite transverse dimensions (10×
10 unit cells). The FPC has an air-filled cavity with a height
of 2.3 mm (as discussed in Section II). The PRS unit cell is
square, the one proposed in Section II, Fig. 2, with dimensions
of 15.5 mm × 15.5 mm, over a ground plane. Simulations are
carried out using the FEM implemented in Ansys HFSS. The
PRS substrate is chosen to be Rogers RT/duroid 6006 having
a relative permittivity of εr = 6.15 and a loss tangent of
tan δ = 0.0019 with a dielectric thickness of t = 1.27 mm
and a copper cladding thickness of 18 μm. The antenna is fed
by a rectangular wave port (i.e., a 2.25 mm × 0.5 mm slot
in the middle of the ground plane) where the electric field is
polarized along the y-axis. The truncated antenna dimensions
are chosen so that the radiation efficiency is more than 90%
over the entire −3 dB power bandwidth. The difference of the
field intensity from the center (i.e., the source location) to the
edge of the structure (and normalized to the field intensity at
the center) is calculated as 1−exp(−2αL) [48], where α is the
leaky-wave attenuation constant in the transverse plane and L
is the length from the feeding location to the edge of the FPC
structure. In our case (where L = 7.75 mm), the normalized
field-intensity difference at the upper and lower limits of the
−3 dB power bandwidth is 93.63% and 99.95%, respectively.

The simulated broadside radiation power intensity of the
finite-extent FPC structure versus frequency is presented
in Fig. 13, along with the analytical result using (30) that
pertains to an FPC structure with infinite extent. We also plot
the magnitude of the reflection coefficient associated with the
waveguide feed port, whose impedance is calculated as 2P/|I |2
where P is the complex power passing through the port and
I is the current flowing into the structure [49]. Despite the
small shift in frequency due to the truncated structure and/or
material and simulation inaccuracy, an overall agreement is
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Fig. 14. Realized broadside gain and peak gain vs. frequency from
simulation, for the wideband structure in Fig. 1. The PRS is made from
10 × 10 unit cells of the structure shown in Fig. 2.

seen between the analytical and simulated results over the
desired −3 dB radiated power bandwidth.

The maximum directivity obtained from the full-wave sim-
ulation of the proposed finite-size FPC antenna at broadside
is 27.79 (i.e., 14.44 dBi). The −3 dB broadside power
bandwidth (PBW) calculated from the results in Fig. 13 is
PBW = 15.7 GHz (25.6%). Based on these results, a figure
of merit (FoM) defined by the product of maximum direc-
tivity and the −3 dB broadside power bandwidth is FoM =
(27.79) × (0.256) = 7.11. The maximum bound for the
FoM for a narrowband FPC antenna with a very thin planar
PRS is given by 2.48/εr [4], [13]. (The bound for the FoM
for narrowband FPC antennas was introduced in [13], where
there was typo, corrected in [4].) Therefore, for this particular
wideband FPC antenna, the FoM exceeds the thin PRS bound
by a factor of 2.87.

In addition, the broadside realized gain G = 4πU/Pinput
versus frequency obtained from the simulation is presented
in Fig. 14. The broadside gain is calculated using U(0°),
whereas the maximum gain is calculated with the maximum
value of U(θ) (see Fig. 12). This shows a maximum gain
of 13.6 dB (gain of 22.9) and a −3 dB gain bandwidth
of 16.8 GHz (27.4%). The simulated radiation efficiency
(defined as the ratio of the radiated power in all direction
over the accepted power) is larger than 94% over the −3 dB
broadside gain bandwidth, while the aperture efficiency varies
between 10% and 20% in the same band. This low aperture
efficiency is related to a high leakage (attenuation) constant α
(causing the aperture field over the PRS to be concentrated
above the feeding location, as has been demonstrated in [50]).
The aperture field exponentially decays away from the center
toward the edges because of the attenuation constant. Further
studies related to the aperture efficiency and truncation effects
are reported in [51] and [52]. The study in [52] demonstrated a
high gain antenna with wideband radiation from a small FPC-
based antenna, where in this case, the radiated power comes
also from the edges in addition to the leaky-wave contribution
analogous to the one in this paper.

The simulated radiation patterns at the two frequency peaks
of 57.2 and 68.4 GHz in Fig. 14, along with that at the center
of the band at 62.6 GHz, are shown in Fig. 15, for both the
E- and H-planes. We observe from this truncated structure
similar beam patterns near broadside through the bandwidth

Fig. 15. Full-wave simulated realized gain in the E- and H-planes versus
angle θ for the proposed structure having 10 × 10 unit cells as shown
in Fig. 2 at 57.2, 62.6, and 68.4 GHz.

region in the E- and H-planes. The gain has dropped at the
center frequency by about 2 dB compared with the other
two frequencies. This is consistent with the result shown in
Figs. 9 and 13, and Fig. 10 for the h = 2.3 mm case.

The patterns in the E- and H-planes in Fig. 15 are narrower
than the ones calculated for the FPC with infinite extent, shown
in Fig. 12. This could possibly be due to reflections from
the edges of the truncated structure, which may perhaps serve
to narrow the main beam. For the same reason, the E-plane
patterns in Fig. 15 are narrower than the H-plane patterns,
whereas for the infinite structure, they are essentially equal
(see the TE and TM patterns in Fig. 12). Furthermore, in this
rather small FPC of finite extent, some radiation may also
come from the edges.

VI. CONCLUSION

New formulas for wideband FPC antennas have been pre-
sented, based on representing the radiation performance of the
FPC antenna in terms of leaky waves excited in the FPC.
These new formulas for wideband FPC antennas significantly
extend previous works that were focused only on narrowband
FPC antennas with a planar and electrically thin PRS. The
new derived leaky-wave-based power formula is applicable
to the description of any FPC made of an electrically thick
PRS formed from a combination of multiconductor and/or
multidielectric layers. A good agreement was observed in all
studied cases between the results based on the new analytic
formulas and the results from full-wave simulations.

A full-wave simulation of a practical finite-size (i.e., trun-
cated) FPC antenna structure was also performed, in order to
show that the derived formulas predict the radiation features
of practical FPC antennas even for moderate gains. The FPC
antenna with a truncated ground plane and PRS has a direc-
tivity of about 14.4 dBi and a radiation intensity bandwidth
of about 25.6%. The directivity-bandwidth figure of merit is
2.87 times larger than the best obtainable with planar and thin
PRS structures. The leaky-wave analysis shown here is even
more accurate for high directivity FPC antennas, where the
leaky waves have a small attenuation constant.

This paper also demonstrates that a knowledge of the leaky-
mode wavenumber is sufficient to predict the wideband behav-
ior of a radiating FPC antenna (previous papers focused on
the same predictions for narrowband FPC antennas). Indeed,
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the knowledge of the leaky-mode wavenumber for the FPC
antenna that is obtained by simulating only one periodic
cell of the PRS over the ground plane is a useful tool for
optimizing the bandwidth of wideband FPC antennas formed
by a thick PRS. Importantly, all the formulas derived in this
paper for wideband FPC antennas using electrically thick PRSs
recover the formulas derived in the previous papers based on
narrowband FPC antennas with thin PRSs.

APPENDIX A
BROADSIDE RADIATED RADIATION INTENSITY

FORMULA FOR AN FPC ANTENNA EXCITED

WITH A MAGNETIC DIPOLE

The broadside radiation intensity from an FPC antenna
excited by a magnetic dipole moment (Iml, where Im is the
magnetic current and l is its length) on the ground plane
shown in Fig. 1(a) is calculated here. From reciprocity [53],
the far-field electric field Ey at (or near) broadside from an
FPC antenna excited by a magnetic dipole in the x-direction
at z = 0 is related to the magnetic field Hx at the source
location due to a testing electric dipole moment (Iel) in the
y-direction at a large distance z = r = R+ H , where z = H is
the top of the (thick) PRS (the PRS has thickness t = H −h).
In particular,

Ey(z = R + H ) × (Iel) = −Hx(z = 0) × (Iml) (A1)

where Ey represents the y-component of the electric field in
the far-field zone (z = R + H ) at a height R above the PRS
due to the FPC antenna, and Hx is the x-component of the
magnetic field at the magnetic dipole source location (z = 0),
above the grand plane, due to the testing electric dipole in
the far field. We first calculate the incident magnetic field at
z = H due to the testing electric dipole at a location z = r.
The testing dipole launches a spherical wave that is locally a
plane wave at top of the PRS (z = H ) and given by

E = ŷ E0(Iel)

(
e− j k0 R

R

)
(A2)

where E0 = − jωμ0/(4π) and because of the far-field, R ≈ r .
Then, the incident radiation intensity at the top of the PRS is
calculated as [36], [37]

U inc = |E|2
2η0

r2 = |E0|2
2η0

|Iel|2. (A3)

We model the thick PRS as a two-port network where port 1
is the connection between the transmission line and the top of
the PRS and port 2 is the connection between the bottom of the
PRS and the shorted transmission line as shown in Fig. 1(b).
The power transmitted through the PRS is given by

U trans = U inc|S21|2. (A4)

From reciprocity and conservation of energy for a loss-
less PRS, we have S21 = S12 and |S12|2 = 1 − |S22|2, respec-
tively, and in our case S22 = �PRS. Formula (A4) is then
written as

U trans = U inc(1 − |�PRS|2). (A5)

The magnetic field transmitted through the PRS by the incident
plane wave from the testing dipole is

H trans
x = √

ξr

√
2U trans

η0r2 e jφtrans
(A6)

where the phase term φtrans accounts for the phase change
of the wave going through the PRS. The transmitted magnetic
field then bounces back and forth inside the cavity. Noting that
the reflection coefficient for the magnetic field at the ground
plane is +1, and the reflection coefficient for the magnetic
field from the PRS is −�PRS, the total magnetic field at the
ground plane (where the magnetic dipole is) is represented
(after summing a geometric series) as

Hx(0) = 2H trans
x e− j kz1h

(
1

1 + �PRSe− j2kz1h

)
(A7)

where kz1 = k0

√
μrεr − sin2 θ . Combining formulas (A4) to

(A7) results in

Hx(0) = 2
√

ξr

√
2U inc

η0r2 e j (φtrans−kz1h)

( √
(1 − |�PRS|2)

1 + �PRSe− j2kz1h

)
.

(A8)

Then, applying the reciprocity relation (A1) into (A8), the far-
field electric field is given as

Ey(r) = −2
√

ξr

√
2U inc

η0r2

(
Iml

Iel

)
e j (φtrans−kz1h)

×
( √

(1 − |�PRS|2)
1 + �PRSe− j2kz1h

)
. (A9)

The radiation intensity near broadside generated by a magnetic
dipole using the results from (A3) and (A9) is then given by

U(ω, θ) = |Ey|2
2η0

r2 = 2ξr

η3
0

|E0|2|Iml|2 (1 − |�PRS|2)
|1 + �PRSe− j2kz1h |2 .

(A10)

This is formula (4) shown in Section II. To show the equiva-
lence with the formula (3), we use

�PRS = 1 − (ḡ + j b̄)

1 + (ḡ + j b̄)
(A11)

where the conductance and susceptance looking up into the
PRS from below, normalized to Y1 (the intrinsic admittance
of the substrate region), are

ḡ = g/Y1, b̄ = b/Y1. (A12)

After some algebra, we have from (A10) that

U(ω, θ)

=

(
2ξr

η3
0
|E0|2|Iml|2

)
4ḡ

(1+ḡ)2+b̄2

(
1+

(
(1−ḡ)− j b̄

(1+ḡ)+ j b̄

)
e− j2kz1h

)(
1 +

(
(1−ḡ)+ j b̄

(1+ḡ)− j b̄

)
e+ j2kz1h

) .

(A13)
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We next use e± j2kz1h = cos(2kz1h) ± j sin(2kz1h) along with
cos(2x) = cos2 x − sin2 x , sin(2x) = 2 sin x cos x , with
x = kz1h. After some algebra, we arrive at

U(ω, θ) = 2ξr

η3
0

|E0|2|Iml|2 ḡ

(cos x − b̄ sin x)2 + ḡ2 sin2 x
(A14)

which is equivalent to formula (3).

APPENDIX B
EQUIVALENCY OF THIN AND THICK PRS FORMULAS

In this appendix, the equivalence of (15) and (19) is estab-
lished for a narrowband FPC antenna operating over a nar-
row frequency range near the cavity resonance for broadside
radiation.

A TEN model is considered as shown in Fig. 1(b), in which
the admittance looking up into the PRS [given in (18)] is
modeled as a shunt conductance g in parallel with a shunt
susceptance b. We wish to then establish for this model that

−n1 ln |�PRS|
(2k0h)

= 1

2
n2

1 tan δeff. (B1)

We assume a voltage on the transmission line inside the
cavity that is taken as sin(k1z) for simplicity, where the
wavenumber on the transmission line that models the cavity in
the TEN is given by k1 = ω0

√
(LC), where L and C are the

inductance and capacitance per unit length for the transmission
line, and ω0 is the frequency of operation, i.e., the reso-
nance frequency of the structure. Following [54, eq. (2.37)],
the power dissipated in this lossless transmission line by the
load (g + jb) is then given by

Pdiss = 1

2
|V +

0 |2Y1(1 − |�PRS|2) (B2)

where Y1 = √
(C/L). Next, we assume that the same trans-

mission line has short circuits at both ends, corresponding to
an ideal parallel-plate cavity region, and imagine the cavity
has an effective loss tangent. The power dissipated in this
lossy transmission line terminated by short circuits at both
ends [54, eq. (2.94)] is given as

Pdiss = |V +
0 |2

2Z0
(2 sinh(Gh Z0))

� |V +
0 |2Gh = |V +

0 |2ω0C(tan δeff)h. (B3)

Equating (B2) and (B3) shows that

Y1(1 − |�PRS|2) � 2ω0C(tan δeff)h. (B4)

From Taylor approximation, we have

ln |�PRS| = 1

2
ln |�PRS|2 � −1

2
(1 − |�PRS|2). (B5)

Inserting (B5) into (B4) and using Y1 = √
(C/L), the resulting

formula is identical to the one in (B1), after some simple
algebra.
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